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The Burau representation

Bn y H1(D̃n)
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� : Bn ! GLn(Z[t, t�1])(unreduced) Burau representation:

D̃n



Broader impacts?



What does Burau know?

Burau connects to:

- Knot theory (Alexander polynomial) (Burau ’36) 
- Representation varieties (Long ’89) 
- Families of algebraic curves/Teichmüller theory (McMullen ’09) 
- Arithmetic groups (Venkataramana ’14) 
- Topology of moduli space (Hain conjecture) (Brendle-Margalit-Putman ’14)

Burau is at the crossroads of mathematics



Pure braids as a congruence subgroup

Slogan: PBn is the “level-s” subgroup (here s = t-1).  

Our study of Burau is inspired by the theory of congruence subgroups. 
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<latexit sha1_base64="FJjwIkamzvRR4EYik1fa7q44a+c="></latexit>

t = 1
<latexit sha1_base64="BGeBJRDmb+x16Eho9FfcQaSAQn0=">AAAB7HicbZC7SgNBFIbPxluMt6ilIINBsAq7WmihGLCxTMBcIAlhdjJJhszOLjNnhbCktLaxUMTWZ7D1Fex8Bn0IJ5dCE38Y+Pj/c5hzjh9JYdB1P53UwuLS8kp6NbO2vrG5ld3eqZgw1oyXWShDXfOp4VIoXkaBktcizWngS171+1ejvHrLtRGhusFBxJsB7SrREYyitcpILojXyubcvDsWmQdvCrnL96+7/bfSd7GV/Wi0QxYHXCGT1Ji650bYTKhGwSQfZhqx4RFlfdrldYuKBtw0k/GwQ3JonTbphNo+hWTs/u5IaGDMIPBtZUCxZ2azkflfVo+xc9ZMhIpi5IpNPurEkmBIRpuTttCcoRxYoEwLOythPaopQ3ufjD2CN7vyPFSO895J3iu5ucI5TJSGPTiAI/DgFApwDUUoAwMB9/AIT45yHpxn52VSmnKmPbvwR87rD44xkko=</latexit>

β (mod t-1) is the permutation representation of Sn



Burau is unitary

Much attention to injectivity of β (Moody, Long-Paton, Bigelow)

Old question (Birman, ’74): What’s the image of β? 

(1)Fixed vector 
(2)Unitarity (Squier ’84) 
(3) Im(β mod s) = Sn (not larger)

Define

Known constraints:

� := {A 2 GLn(Z[t, t�1]) | (1), (2), (3)}
<latexit sha1_base64="Vm6TeIW+LC3k4uSdIMKWhNAV+Nc="></latexit>



A “strong approximation” to the image

For n ≥ 5, Im(β) is dense in Γ in the “s-adic topology”.

Α,Β close when ΑΒ-1 = Ι + sk M for some large k.

Equivalently, when initial terms of “Taylor series” at t=1 agree: 

Theorem (S.)

A = C0 + s C1 + … + sk-1 Ck-1 + sk Ak + …
B = C0 + s C1 + … + sk-1 Ck-1 + sk Bk + …



Homology of braid Torelli

Theorem (Kordek - S.): For n ≥ 3 odd,      admits an                -
equivariant surjection onto

Via rep theory: this does not factor through any 
previously-known abelian quotient

“Braid Torelli”: 

Important in algebraic geometry (π1 of branch locus of period map)

Basic structure mysterious. Finitely generated?

BI
<latexit sha1_base64="FFNeOJxAqFljE6wsFnwI8o9nhd4=">AAAB83icbVC7SgNBFL3rM8ZX1FKQwSBYhV0ttBAM2miXgHlAdgmzk9lkyOzsMjMrhCWlv2BjoYitva2/YOc36Ec4m6TQxAMDh3Pu5Z45fsyZ0rb9ac3NLywuLedW8qtr6xubha3tuooSSWiNRDySTR8rypmgNc00p81YUhz6nDb8/mXmN26pVCwSN3oQUy/EXcECRrA2kuuGWPcI5unF9bBdKNolewQ0S5wJKZ6/f93tvVW/K+3Ch9uJSBJSoQnHSrUcO9ZeiqVmhNNh3k0UjTHp4y5tGSpwSJWXjjIP0YFROiiIpHlCo5H6eyPFoVKD0DeTWUY17WXif14r0cGplzIRJ5oKMj4UJBzpCGUFoA6TlGg+MAQTyUxWRHpYYqJNTXlTgjP95VlSPyo5xyWnahfLZzBGDnZhHw7BgRMowxVUoAYEYriHR3iyEuvBerZexqNz1mRnB/7Aev0BGYaWJw==</latexit>

Sp(2g,Z)
<latexit sha1_base64="37rSYn6Ya0y4oDt2F25PVk1mBzU=">AAACCXicbVC7SgNBFJ2Nrxhfq5ZaDAYhgoTdWGhhEbCxjGgemF3C7GQ2GTK7s8zMCmHZ1sYiP2JjoYil/oGdH2LvbJJCEw9cOJxzL/fe40WMSmVZX0ZuYXFpeSW/Wlhb39jcMrd3GpLHApM65oyLlockYTQkdUUVI61IEBR4jDS9wUXmN++IkJSHN2oYETdAvZD6FCOlpY4JHR4RgRQXIQpIch2lpUrv2AmQ6ntecpsedcyiVbbGgPPEnpJidX/klL7fR7WO+el0OY4DEirMkJRt24qUmyChKGYkLTixJBHCA9QjbU2ztdJNxp+k8FArXehzoStUcKz+nkhQIOUw8HRndqKc9TLxP68dK//MTWgYxYqEeLLIjxlUHGaxwC4VBCs21ARhQfWtEPeRQFjp8Ao6BHv25XnSqJTtk7J9pdM4BxPkwR44ACVgg1NQBZegBuoAg3vwCJ7Bi/FgPBmvxtukNWdMZ3bBHxgfP5Zvne8=</latexit>

sp(2g,Z)
<latexit sha1_base64="fNaGulQAQTsiw0wBpP8TweQeotM=">AAACBnicbVDLSsNAFJ3UV62vqEsVBotQQUpSF7pwUXDjsoJ9YFPKZDpph04mYWYilJCVG3f9DjcuFHErfoI7P8S9k7QLbT1w4XDOvdx7jxsyKpVlfRm5hcWl5ZX8amFtfWNzy9zeacggEpjUccAC0XKRJIxyUldUMdIKBUG+y0jTHV6mfvOOCEkDfqNGIen4qM+pRzFSWuqaB46P1MATaBjLMClV+icwU1w3vk2Ou2bRKlsZ4Dyxp6RY3R87pe+Pca1rfjq9AEc+4QozJGXbtkLViZFQFDOSFJxIkhDhIeqTtqYc+UR24uyNBB5ppQe9QOjiCmbq74kY+VKOfFd3pifKWS8V//PakfLOOzHlYaQIx5NFXsSgCmCaCexRQbBiI00QFlTfCvEACYSVTq6gQ7BnX54njUrZPi3b1zqNCzBBHuyBQ1ACNjgDVXAFaqAOMLgHj+AZvBgPxpPxarxNWnPGdGYX/IHx/gO485xS</latexit>

BI
<latexit sha1_base64="FFNeOJxAqFljE6wsFnwI8o9nhd4=">AAAB83icbVC7SgNBFL3rM8ZX1FKQwSBYhV0ttBAM2miXgHlAdgmzk9lkyOzsMjMrhCWlv2BjoYitva2/YOc36Ec4m6TQxAMDh3Pu5Z45fsyZ0rb9ac3NLywuLedW8qtr6xubha3tuooSSWiNRDySTR8rypmgNc00p81YUhz6nDb8/mXmN26pVCwSN3oQUy/EXcECRrA2kuuGWPcI5unF9bBdKNolewQ0S5wJKZ6/f93tvVW/K+3Ch9uJSBJSoQnHSrUcO9ZeiqVmhNNh3k0UjTHp4y5tGSpwSJWXjjIP0YFROiiIpHlCo5H6eyPFoVKD0DeTWUY17WXif14r0cGplzIRJ5oKMj4UJBzpCGUFoA6TlGg+MAQTyUxWRHpYYqJNTXlTgjP95VlSPyo5xyWnahfLZzBGDnZhHw7BgRMowxVUoAYEYriHR3iyEuvBerZexqNz1mRnB/7Aev0BGYaWJw==</latexit>

= ker(β mod t+1)



Linear-central filtrations

Saw

Easy lemma:

Filtration                                             is linear-central (Bass-Lubotzky ’94)

Acquire    -Lie algebra

This carries action of

Z
<latexit sha1_base64="KckL4LZ4o8TY+rGiZLEEA06ZEts=">AAAB8XicbVC7SgNBFL0bXzG+opaCDAbBKuyaQgvBgI1lAuZBkiXMTmaTIbOzy8ysEJaU/oGNhSK2/oCtv2DnN+hHOJuk0MQDFw7n3Ms993oRZ0rb9qeVWVpeWV3Lruc2Nre2d/K7e3UVxpLQGgl5KJseVpQzQWuaaU6bkaQ48DhteMOr1G/cUqlYKG70KKJugPuC+YxgbaRWJ8B64HlJa9zNF+yiPQFaJM6MFC7fv+4O36rflW7+o9MLSRxQoQnHSrUdO9JugqVmhNNxrhMrGmEyxH3aNlTggCo3mSQeo2Oj9JAfSlNCo4n6eyLBgVKjwDOdaUI176Xif1471v65mzARxZoKMl3kxxzpEKXnox6TlGg+MgQTyUxWRAZYYqLNk3LmCc78yYukflp0SkWnahfKFzBFFg7gCE7AgTMowzVUoAYEBNzDIzxZynqwnq2XaWvGms3swx9Yrz/ZU5V2</latexit>

Define

Set τ = t-ζ with ζ=±1 in theorems 1,2, respectively

�[⌧k] = {A 2 � | A ⌘ I (mod ⌧k)}
<latexit sha1_base64="YGiKIujj2XoO24d5/zgjCOKKSKQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KjMq6EKx4kLdKVgVmrHcyaQ2NMmMSaZQhn6OG3/FjYgibv0S08fC14HA4ZxzubknSgU31vc/vMLE5NT0THG2NDe/sLhUXl65MkmmKavTRCT6JgLDBFesbrkV7CbVDGQk2HXUOR74112mDU/Upe2lLJRwp3iLU7BOapYPyQlICQ1iIbvthPgAk/wIE67wyMBE8hg7hd1nvIvPMEllEuejeJ/0m+WKX/WHwH9JMCYVNMZ5s/xC4oRmkilLBRjTCPzUhjloy6lg/RLJDEuBduCONRxVIJkJ8+GhfbzhlBi3Eu2esniofp/IQRrTk5FLSrBt89sbiP95jcy29sKcqzSzTNHRolYmsE3woDUcc82oFT1HgGru/oppGzRQ67otuRKC3yf/JVdb1WC7GlzsVGr74zqKaA2to00UoF1UQ6foHNURRQ/oCb2iN+/Re/bevY9RtOCNZ1bRD3ifXwNjpV0=</latexit>

Bn \ �[⌧k] = PBn, BIn
<latexit sha1_base64="Ec1HEgezuMI1poXztHJ6Nk1cGm4=">AAACGXicbVDLSgMxFM34rPVVdekmWAQXUmZU0IVCqQt1V8E+oDOWO2nahiaZIckIZehvuPFX3LhQxKWu/BvTx0JbDwQO59xD7j1hzJk2rvvtzM0vLC4tZ1ayq2vrG5u5re2qjhJFaIVEPFL1EDTlTNKKYYbTeqwoiJDTWti7HPq1B6o0i+Sd6cc0ENCRrM0IGCs1c26pKbFPIMb+FQgBDd9Act8L8AUuW+vQx9gXYLoEeFq6GTRtJO8W3BHwLPEmJI8mKDdzn34rIomg0hAOWjc8NzZBCsowwukg6yeaxkB60KENSyUIqoN0dNkA71ulhduRsk8aPFJ/J1IQWvdFaCeHW+ppbyj+5zUS0z4LUibjxFBJxh+1E45NhIc14RZTlBjetwSIYnZXTLqggBhbZtaW4E2fPEuqRwXvuODdnuSL55M6MmgX7aED5KFTVETXqIwqiKBH9Ixe0Zvz5Lw4787HeHTOmWR20B84Xz/enZ73</latexit>

[�[⌧k],�[⌧ `]] 6 �[⌧k+`]
<latexit sha1_base64="xoju2lD78Xp9xlvO6IfzV2hZEd8=">AAACLHicbVBNSwMxEM3W7/pV9eglWARBKbsq6MGD4EGPCtYWdtcym07b0GR3TbJCWfqDvPhXBPGgiFd/h+nHwVofBF7em2FmXpQKro3rfjiFmdm5+YXFpeLyyuraemlj804nmWJYZYlIVD0CjYLHWDXcCKynCkFGAmtR92Lg1x5RaZ7Et6aXYiihHfMWZ2Cs1Chd+MElSAl+YCC774YH9Pc/QCHCkAYCH7SA2EyYeXd/4PfDRqnsVtwh6DTxxqRMxrhulF6DZsIyibFhArT2PTc1YQ7KcCawXwwyjSmwLrTRtzQGiTrMh8f26a5VmrSVKPvsRkP1d0cOUuuejGylBNPRf72B+J/nZ6Z1GuY8TjODMRsNamWCmoQOkqNNrpAZ0bMEmOJ2V8o6oIAZm2/RhuD9PXma3B1WvKOKd3NcPj8bx7FItskO2SMeOSHn5Ipckyph5Im8kHfy4Tw7b86n8zUqLTjjni0yAef7B4nMqGY=</latexit>

g =
M

k�1

�[⌧k]/�[⌧k+1]

<latexit sha1_base64="WjNxjzPQCKK6bYwYLDgU5JlkFAA="></latexit>

�/�[⌧ ] = Sn, Sp(2g,Z)
<latexit sha1_base64="1aNy1oaXjSwPhqzGHnytvRKfZ1A="></latexit>

. . . 6 �[⌧k+1] 6 �[⌧k] 6 . . .
<latexit sha1_base64="PxBYB1WY+HF4GUOTAPFw41oLEEg=">AAACOHicdVBNS8NAEN34WetX1aOXxSIIQklU0IOHgge9qWBVSGKZbLe6dDeJuxOhhP4sL/4Mb+LFgyJe/QVuYw+26oOFx3szszMvSqUw6LpPztj4xOTUdGmmPDs3v7BYWVo+N0mmGW+wRCb6MgLDpYh5AwVKfplqDiqS/CLqHPT9izuujUjiM+ymPFRwHYu2YIBWalaOA9lK0NBA8lsjIUYaHIJS4AcI2VXe2fR64b/msFXMaVaqbs0tQH8Tb0CqZICTZuXRNrJM8RiZBGN8z00xzEGjYJL3ykFmeAqsA9fctzQGxU2YF4f36LpVWrSdaPvsCoX6syMHZUxXRbZSAd6YUa8v/uX5Gbb3wlzEaYY8Zt8ftTNJMaH9FGlLaM5Qdi0BpoXdlbIb0MDQZl22IXijJ/8m51s1b7vmne5U6/uDOEpklayRDeKRXVInR+SENAgj9+SZvJI358F5cd6dj+/SMWfQs0KG4Hx+AcSHrY4=</latexit>



Application: homology of pure braid group

To illustrate our techniques, here’s a new take on a classic story:

Arnol’d’s winding number functionals: coordinate-dependent

Representation stability:

This hides a much more natural description!

V
<latexit sha1_base64="ijRmKdpa1cWCydi93fC1DsxnwiQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7WmghGLCxTMBcIFnC7ORsMmZ2dpmZFcKS0srGQhFbn8LWV7DzGfQhnFwKTfxh4OP/z2HOOX7MmdKO82llFhaXlleyq7m19Y3Nrfz2Tk1FiaRYpRGPZMMnCjkTWNVMc2zEEknoc6z7/ctRXr9FqVgkrvUgRi8kXcECRok2VqXWzhecojOWPQ/uFAoX7193+2+V73I7/9HqRDQJUWjKiVJN14m1lxKpGeU4zLUShTGhfdLFpkFBQlReOh50aB8ap2MHkTRPaHvs/u5ISajUIPRNZUh0T81mI/O/rJno4MxLmYgTjYJOPgoSbuvIHm1td5hEqvnAAKGSmVlt2iOSUG1ukzNHcGdXnofacdE9KboVp1A6h4mysAcHcAQunEIJrqAMVaCAcA+P8GTdWA/Ws/UyKc1Y055d+CPr9QfCfZFW</latexit>

(   : standard rep over   ) Z
<latexit sha1_base64="yAlhaWjGDQ3NG6MX64RLz4QVah8=">AAAB8HicbVC7SgNBFL3rM8ZX1FKQwSBYhV0ttBAM2FgmYB6ahDA7mU2GzMwuM7NCWFL6BTYWitj6Bbb+gp3foB/hbJJCEw9cOJxzL/fc60ecaeO6n87c/MLi0nJmJbu6tr6xmdvaruowVoRWSMhDVfexppxJWjHMcFqPFMXC57Tm9y9Sv3ZLlWahvDKDiLYE7koWMIKNla6bApue76Obdi7vFtwR0CzxJiR//v51t/dW/i61cx/NTkhiQaUhHGvd8NzItBKsDCOcDrPNWNMIkz7u0oalEguqW8ko8BAdWKWDglDZkgaN1N8TCRZaD4RvO9OAetpLxf+8RmyC01bCZBQbKsl4URBzZEKUXo86TFFi+MASTBSzWRHpYYWJsT/K2id40yfPkupRwTsueGU3XzyDMTKwC/twCB6cQBEuoQQVICDgHh7hyVHOg/PsvIxb55zJzA78gfP6A2j2lJQ=</latexit>

H
1(PBn;Z) ⇠= Z(

n
2)

<latexit sha1_base64="M4tqTjCj0UHiEym3ZuzCUQ7BZGs="></latexit>

H
1(PBn;Q) ⇠= V (0)� V (1)� V (2)

<latexit sha1_base64="Cva0y22uOeIcu5QSufVn1k4f+mg="></latexit>

H
1(PBn;Z) ⇠= Sym2(V )

<latexit sha1_base64="iHbly8oEN9WYp5i//+TkuQtbJjk="></latexit>



Application: homology of pure braid group

Method: PBn ⇣ �[s]/�[s2] ⇠= Sym2(V )
<latexit sha1_base64="0LuiPHn1RxT+MemEn4VwRqqYe5Y="></latexit>
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<latexit sha1_base64="/KXRdUCP6lWIK6Pz5Ej+zDEADLg="></latexit>

Xij = Eii + Ejj � Eij � Eji
<latexit sha1_base64="mOGy3fiQqGjCjBbOrQNJv+XZITs=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRLEkutCFQkEUN0JFe4E2hMl02k47mYSZiVBC3sGNr+LGhSJu3bjzKXwFJ2kFrf4w8PGfczhzfi9kVCrL+jByU9Mzs3P5+cLC4tLyirm6VpNBJDCp4oAFouEhSRjlpKqoYqQRCoJ8j5G6NzhN6/VbIiQN+I0ahsTxUZfTDsVIacs1dxpuTPsJPIFnGmgCd1Poa2cvc76hTxPXLFolKxP8C/YYimV4ef05cM4rrvneagc48glXmCEpm7YVKidGQlHMSFJoRZKECA9QlzQ1cuQT6cTZTQnc0k4bdgKhH1cwc39OxMiXcuh7utNHqicna6n5X60Zqc6RE1MeRopwPFrUiRhUAUwDgm0qCFZsqAFhQfVfIe4hgbDSMRZ0CPbkyX+htl+yD0r2lU7jGIyUBxtgE2wDGxyCMrgAFVAFGNyBB/AEno1749F4MV5HrTljPLMOfsl4+wL0x59F</latexit>

�(Aij) = Xij
<latexit sha1_base64="kb1M8qGw+f+cotV7DFTLknQpT3g=">AAAB/3icbZC7SgNBFIZnvcZ4WxVsbAaDEJuwq4UWChFBbISI5gLJssxOziZjZi/MzAphTeGr2FgoYutr2PkUvoKTTQpN/GHg4z/ncM78XsyZVJb1ZczMzs0vLOaW8ssrq2vr5sZmTUaJoFClEY9EwyMSOAuhqpji0IgFkMDjUPd658N6/R6EZFF4q/oxOAHphMxnlChtueZ2ywNFimduyu4G+/gUNzJyzYJVsjLhabDHUCjjq5vvnnNRcc3PVjuiSQChopxI2bStWDkpEYpRDoN8K5EQE9ojHWhqDEkA0kmz+wd4Tztt7EdCv1DhzP09kZJAyn7g6c6AqK6crA3N/2rNRPnHTsrCOFEQ0tEiP+FYRXgYBm4zAVTxvgZCBdO3YtolglClI8vrEOzJL09D7aBkH5bsa53GCRoph3bQLioiGx2hMrpEFVRFFD2gJ/SCXo1H49l4M95HrTPGeGYL/ZHx8QOwCZgw</latexit>

Sym2(V ) = hXiji
<latexit sha1_base64="Y3yCTJjAygwhTPf/mFXJdl9l2GI="></latexit>

Why do we see symmetry here? Unitarity

(                  entries only)ii, ij, ji, jj
<latexit sha1_base64="uTeJe8NqsFD9fYdsi/ENwu/Kw8I=">AAAB9XicbVDLSgMxFL3js9ZXVXDjJlgEF6XM6EIXLgpuXFawD2jHkkkzbaaZzJBkLMPQ/3Ajoohb/8WdH+B/mD4W2nrgcg/n3EtujhdzprRtf1lLyyura+u5jfzm1vbObmFvv66iRBJaIxGPZNPDinImaE0zzWkzlhSHHqcNb3A99hsPVCoWiTudxtQNcU8wnxGsjXTPWAmxoIQC04OgUyjaZXsCtEicGSlWDuvDOP1+rnYKn+1uRJKQCk04Vqrl2LF2Myw1I5yO8u1E0RiTAe7RlqECh1S52eTqEToxShf5kTQlNJqovzcyHCqVhp6ZDLHuq3lvLP7ntRLtX7oZE3GiqSDTh/yEIx2hcQSoyyQlmqeGYCKZuRWRPpaYaBNU3oTgzH95kdTPys552bk1aVzBFDk4gmM4BQcuoAI3UIUaEJDwCC/wag2tJ+vNep+OLlmznQP4A+vjB0r9lL8=</latexit>

Set                                              : then 

And                             !



Where next?

Work in progress:
(Method totally different: geometric group theory)

Application: “Spectrum” of a knot invariant: 
which polynomials are e.g. Jones polynomials? 

Prototype for a whole family of theorems: braid group 
representations should behave like (arithmetic?) lattices.

Im(�) = �
<latexit sha1_base64="7B64+DR1V5qiSvdjObyK4/qFdtI=">AAACCnicbVA9axtBEN2Tk1hRPnxxyrjYRASURtw5RVw4IEiRuLMhsgU6IeZWI2nR7u2xO2cQh2o3Bv+SNCliTDqTX5DOP8R9Vh9FIuXBwOO9GWbmpbmSjqLoLqhsPXj4aLv6uPbk6bPnO+GL3VNnCiuwLYwytpOCQyUzbJMkhZ3cIuhU4Vk6+TT3z87ROmmyrzTNsadhlMmhFEBe6oevE5OjBTI2A43lkZ41khQJ3vGPPPkMWkM/rEfNaAG+SeIVqbf2rpLG/e3VcT/8nQyMKDRmJBQ4142jnHolWJJC4ayWFA5zEBMYYdfT+V7XKxevzPhbrwz40FhfGfGF+vdECdq5qU59pwYau3VvLv7P6xY0POiVMssLwkwsFw0LxcnweS58IC0KUlNPQFjpb+ViDBYE+fRqPoR4/eVNcrrfjN834xOfxiFbospesTeswWL2gbXYF3bM2kywC/aN/WDXwWXwPbgJfi5bK8Fq5iX7B8GvP2x4nb8=</latexit>

- Roots of unity beyond Venkataramana? 
- Jones rep?


