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Abstract. A unicellular collection on a surface is a collection of curves whose complement is a
single disk. There is a natural surgery operation on unicellular collections, endowing the set of
such with a graph structure where the edge relation is given by surgery. Here we determine the
connected components of this graph, showing that they are enumerated by a certain homological
“surgery invariant”. Our approach is group-theoretic and proceeds by understanding the action of the
mapping class group on unicellular collections. In the course of our arguments, we determine simple
generating sets for the stabilizer in the mapping class group of a mod-2 homology class, which may
be of independent interest.

1. Introduction

Let Σg be the closed orientable surface of genus g. A unicellular collection on Σg is the
isotopy class of a collection Γ of (not necessarily simple) closed curves in minimal position such that
Σg \ Γ is a single disk. Unicellular collections feature in Harer–Zagier’s computation of the Euler
characteristic of the moduli space of curves [HZ86], and more generally form a point of interaction
between surface topology and combinatorics.

In [San21], the second-named author introduced an operation on unicellular collections called
surgery (see Section 2), that transforms a unicellular collection into a new one. This leads to a

graph K̃d4,g called the topological surgery graph whose vertices are unicellular collections on Σg and
whose edges are given by surgeries; the subscript d4 records the fact that each vertex of a unicellular
collection is 4-valent when considered as a graph embedded in Σg. The mapping class group Mod(Σg)

acts on K̃d4,g and the quotient graph, denoted Kd4,g, is called the combinatorial surgery graph; its
vertices are called unicellular maps and by definition are Mod(Σg)-orbits of unicellular collections.

Given a unicellular collection Γ, its mod-2 homology class [γ] turns out to be a surgery invariant.

Consequently, the graph K̃d4,g is disconnected for all g ≥ 1. For a fixed unicellular collection Γ,
we denote by Mod(Σg)[Γ] the stabilizer subgroup of mapping classes that fix the connected
component of Γ. Let Mod(Σg)[γ] denote the stabilizer of the surgery invariant [γ] ∈ H1(Σg,Z/2Z)
of Γ. Our main theorem is:

Theorem A. For every g ≥ 3, the stabilizer subgroup Mod(Σg)[Γ] associated to the connected

component of K̃d4,g containing Γ is the group Mod(Σg)[γ], where [γ] ∈ H1(Σg;Z/2Z) is the associated
surgery invariant. Consequently, unicellular collections Γ and Γ′ are related by a sequence of surgeries
if and only if there is an equality [γ] = [γ′] ∈ H1(Σg;Z/2Z) of surgery invariants.

Corollary B. For every g ≥ 1, the topological surgery graph K̃d4,g has 22g−1 connected components,
indexed by the set H1(Σg;Z/2Z) \ {0} of surgery invariants.

Unicellular collections are instances of a more general notion of unicellular graphs, which are
by definition (no longer necessarily 4-valent) graphs embedded in Σg with complement a single disk.
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In this broader setting, the surgery operation is still sensible, and the surgery invariant still exists
for any unicellular graph all of whose vertices have even degree, but it is not known whether the
connected components are still enumerated by this single mod-2 invariant.

The proof of Theorem A goes through the exhibition of an explicit generating set of the stabilizer
subgroup of a mod-2 homology class [γ]. Generating sets for these subgroups of Mod(Σg) were
determined in [DDPR21] as part of a broader program to understand liftable mapping class groups,
i.e. the set of mapping classes on Σg that lift along some covering map Σh → Σg. The generating
sets we find here are simpler than those of [DDPR21] (ours consist of fewer generators and only
Dehn twists and their squares) and in some sense are the simplest possible. We imagine that this
result may be of independent interest; we record it below. For a simple closed curve ξ ⊂ Σg, the
subgroup Mod(Σg, ξ) is the group of mapping classes preserving ξ as an oriented isotopy class of
curve; it is a quotient of the mapping class group of the surface Σg−1,2 obtained by cutting along ξ
and hence is generated by the image of any generating set for Mod(Σg−1,2), e.g. the Humphries
generators (cf. [FM12, Figure 4.10]).

Theorem 4.2. Let g ≥ 3 be given, and let x ∈ H1(Σg;Z/2Z) be nonzero. Then Mod(Σg)[x] is gen-
erated by T 2

η and Mod(Σg, ξ), where ξ is any simple closed curve satisfying [ξ] = x ∈ H1(Σg;Z/2Z),
and η is any simple closed curve with geometric intersection i(ξ, η) = 1.

To prove Theorem A, we combine Theorem 4.2 with a set of techniques for expressing certain
simple surgeries as Dehn twists. We show that there are enough of these to express each of the
generators for Mod(Σg)[Γ] required by Theorem 4.2 as surgeries.

Unicellular graphs/maps appear in various places throughout geometry and combinatorics. For
instance, when Σg is endowed with a hyperbolic metric, unicellular graphs appear as the cut locus
of the exponential map. This fact is used to build a cell decomposition of the Teichmüller space Tg,1
and ultimately the moduli space M1

g of Riemann surfaces of genus g equipped with one marked
point p. In a more combinatorial direction, unicellular maps have been studied by Walsh–Lehman
to provide the counting formulas of [WL72b,WL72a]. The cell decomposition of M1

g and counting
formulas for unicellular maps led J. Harer and D. Zagier [HZ86] to compute the Euler characteristic
of the moduli space M1

g.
Mod(Σg) acts on a wide variety of discrete sets, e.g. the set of isotopy classes of curves, H1(Σg;Z),

the set of “r-spin structures” studied in [Sal19,CS21], and the set of unicellular collections as studied
in this paper. The results of this article fit into the general theme of studying the stabilizer subgroups
of such actions. A virtue of the results obtained in Theorem 4.2 is that they are coordinate-free in
the sense that the generators we obtain for Mod(Σg)[Γ] = Mod(Σg)[x] do not make reference to
any particular configuration of curves or depiction of the surface, and are thus can be exhibited in
specific examples without lengthy picture calculations. Coordinate-free generating sets for other
types of stabilizer subgroups have been obtained over the past few years for the mapping class group
itself [CS22b] as well as for r-spin mapping class groups and the closely-related framed mapping
class groups [CS22a].

Outline. In Section 2, we recall some basic facts about unicellular graphs and the surgery operation.

In Section 3, we define the stabilizer subgroup associated to a connected component of K̃d4,g and
exhibit certain Dehn twists as the result of performing surgeries. Finally in Section 4, we prove
Theorem 4.2 and use this and the results of Section 3 to prove Theorem A.

Acknowledgements. This project was begun at the 2022 AMS Southeast Spring Sectional
meeting in the special session on geometric group theory. The authors would like to thank the
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2. Background on unicellular graphs and unicellular maps

We recall that Σg denotes a closed oriented surface of genus g and Mod(Σg) is the mapping class
group of Σg. A unicellular graph on Σg is (the isotopy class of) a graph G = (V,E) embedded on
Σg whose complement is a single disk. The degree partition of a unicellular graph is the finite set
d := {d1, . . . , dn} of positive integers where di records the valence of the corresponding vertex vi.
Using the Euler characteristic of Σg, we obtain the following relation:

2|E| =
∑
i

di = 2|V |+ 4g − 2.

When G is a regular 4-valent unicellular graph we speak of a unicellular collection, since it can
be seen as a collection of closed curves with only double points; in this case we denote a unicellular
collection by Γ. For unicellular collections, the relation above reduces to the conditions

|V | = 2g − 1 and E = 4g − 2.

A unicellular map is the Mod(Σg)-orbit of a unicellular graph; that is, we consider unicellular
graphs up to orientation preserving homeomorphisms. Unicellular maps are combinatorial objects
and can be described in many ways. One of them is to associate a coding to a unicellular map.
Since Σg −G is an oriented1 polygon, the sides of Σg −G can be labelled following the orientation
in such way that the two sides coming from the same edge of G have the same letter with a bar on
the second one (for example x and x). Doing so, we get a word WG that we refer to as the coding of
the unicellular map G. Two codings are considered equivalent if one can be obtained from the other
by relabeling and cyclic permutation of the letters. In the coding of a unicellular map G, a letter
x refer to an oriented edge of G and we use the notation (x, x) to denote the corresponding non
oriented edge.

Example 2.1. The following is a unicellular collection Γ on a genus 2 surface. On the right, we have
the complement Σ2− Γ where the identified sides have the same color. The coding corresponding to
Γ is WΓ = a b c d b e c f a e f d.

a
b

c

d

b

e
c

f

a

e

f

d

Figure 1. A unicellular map and its complement.

The following result asserts that the coding is a complete invariant of the unicellular map. This
is ultimately a consequence of the classification of surfaces; see [San21, Proposition 2.1] for a proof.

1the orientation inherited by the one on Σg
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Proposition 2.2. Two unicellular graphs on Σg are in the same Mod(Σg) orbit if and only they
have the same coding (up to relabeling and cyclic permutation).

In [San21], the second author introduces an operation called surgery on unicellular graphs.
Given a unicellular graph G on Σg and two oriented edges x and y of G, there exists a unique arc
λx,y (up to relative homotopy with endpoints gliding in x and y) from the right-hand side of x to
the right-hand side of y. We get a new graph σx,y(G) by cutting and gluing x and y along λx,y;
note that σx,y(G) may no longer be unicellular.

−→

Figure 2. A 0-surgery obtained by cutting out S0×D1 (the two vertical components)
from x and y, and gluing in D1 × S0 (the two horizontal components). The two
vertical components of S0 ×D1 may belong to the same (unoriented) edge (x, x); in
this case, the endpoints of λx,x are required to be disjoint.

When σx,y(G) is still a unicellular graph, we call the operation a surgery on G along x and y.
In [San21] we gave a necessary and sufficient condition on oriented edges along which surgeries

can be applied.

Definition 2.3. Let G be a unicellular graph on Σg and WG the coding of the unicellular map
defined by G. Let x and y be two oriented edges. We say that x and y are intertwined if they
appear in the coding as follows:

WG = w1xw2xw3yw4y.

This is equivalent to the topological condition of the arcs λx,y and λx,y intersecting once on Σg.

The following gives a complete characterization of when surgery can be performed:

Lemma 2.4 (A. K. Sane [San21]). Let G be a unicellular graph on Σg and x and y be two
oriented edges. Then, a surgery operation σx,y(G) along x and y exists if and only if x and y are
intertwined. Moreover, if w1xw2xw3yw4y is the coding associated to G, then w3xw2xw1yw4y is
the one associated to σx,y(G).

→

Figure 3. Example of a surgery on a unicellular collection

Remark 2.5. Let G be a unicellular graph and x, y two intertwined edges.

• Note that surgery is performed on oriented edges. In other words, x and y can be intertwined
but not x and y.
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• It is apparent that x and y are intertwined if and only if x and y are.
• The situation where y = x is allowed, subject to the following convention. The arc λx,x is

chosen so that the endpoint λx,x(0) precedes λx,x(1) when running along the oriented edge
x. We will see below in Lemma 3.5.1 that in this case, σx,x(G) is always a unicellular graph
and is in the same Mod(Σg)-orbit as G.

Now, we define two natural graphs associated to surgery on unicellular graphs/maps. Let Ũd,g
(respectively Ud,g) be the set of all unicellular graphs (respectively, unicellular maps) on Σg with

degree partition d. The topological surgery graph K̃d,g is the graph whose vertices are elements

of Ũd,g with two vertices sharing an edge if there is a surgery taking one to the other. The mapping

class group Mod(Σg) acts on K̃d,g by simplicial automorphisms and the quotient graph, denoted
by Kd,g, is called the combinatorial surgery graph. The graph Kd,g has finitely many vertices
corresponding to elements in Ud,g; edges are again given by surgeries. In [San21,San20], the author
prove several results on those graphs:

Theorem 2.6 (A. K. Sane [San21,San20]). Let d3 := (3, . . . , 3) and d4 := (4, . . . , 4).

(1) The graphs Kd3,g and Kd4,g are connected for every g ≥ 1. Moreover, their diameters are at
most quadratic functions of the genus.

(2) For every g ≥ 2, the graph K̃d3,g is connected.

(3) For every g ≥ 2, the graph K̃d4,g is disconnected.

The fact that K̃d4,g is disconnected relies on the construction of an invariant of surgery. We
will see in the next section how the connectedness problem is related to a certain subgroup of the
mapping class group.

3. Unicellular collections and their stabilizer group in Mod(Σg)

Let G be a unicellular graph on Σ with degree partition d.

Definition 3.1. The stabilizer group group of G, denoted Mod(Σg)[G], is the group of all mapping

class elements that fix the connected component of K̃d,g containing G. That is, φ ∈ Mod(Σg)[G] if
G and φ(G) are related by a sequence of surgeries.

Stabilizer groups are related to the connectedness of topological surgery graphs. In fact, via the

Putman trick [Put08], K̃d,g is connected if and only if the combinatorial graph Kd,g is connected

and the stabilizer group Mod(Σg)[G] of any G ∈ K̃d,g is the whole mapping class group. The

connectedness of K̃d3,g relies on those two facts. But in general, the stabilizer group of a given
unicellular graph is a proper subgroup of the mapping class group as we will see.

Suppose all of the vertices of G are of even valence. Then G defines a cycle in the mod-2 singular
homology C1(Σg;Z/2Z), and hence a class [G] ∈ H1(Σg;Z/2Z).

Lemma 3.2 (Surgery invariant). Let G1 and G2 be two unicellular graphs, all of whose vertices
have even degree. Suppose that G1 and G2 are related by a sequence of surgeries. Then [G1] = [G2]
in H1(Σg;Z/2Z).

Proof. Let λx,y be the arc associated to a surgery on G1, and let Λx,y
∼= I × I be the rectangular

strip with core λx,y used to perform the surgery. Then there is an equality of mod-2 singular chains

σx,y(G1) = G1 + ∂Λx,y,

showing that [σx,y(G1)] = [G1] in H1(Σg;Z/2Z). The result follows. �
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Let G be a unicellular graph with vertices of even degree, and let β be a simple closed curve.
Here and throughout, denote the Dehn twist about β by Tβ. If the mod-2 algebraic intersection
〈[β], [G]〉2 is nonzero, then the transvection formula for Dehn twists shows that

[Tβ(G)] = [G] + [β] 6= [G],

showing that G and Tβ(G) lie in distinct components of the topological surgery graph K̃d,g. Thus
we find a necessary condition for a Dehn twist Tβ to be in Mod(Σg)[G]: necessarily 〈[G], [β]〉2 = 0.

Figure 4. Two unicellular collections in different connected components of K̃(4,4,4),2.

A useful criterion to check whether or not two mod-2 homology classes [G1] and [G2] are
equal is to see how they intersect simple curves in Σg. In fact, [G1] = [G2] mod 2 if and only
〈G1, α〉2 = 〈G2, α〉2 for every simple closed curve α.

Corollary 3.3. Let G be a unicellular graph with even degree vertices. Then Mod(Σg)[G] is a
subgroup of Mod(Σg)[x], where x = [G] ∈ H1(Σg;Z/2Z) and Mod(Σg)[x] denotes the stabilizer of x
under the action of Mod(Σg) on H1(Σg;Z/2Z). In particular, Mod(Σg)[G] is a proper subgroup of
Mod(Σg).

The stabilizer group Mod(Σg)[G] is related to both the topological surgery graph and the
combinatorial surgery graph in the following sense:

Lemma 3.4. Let G1 and G2 be two vertices of K̃d,g. If G1 and G2 are in the same component,
then the subgroups Mod(Σg)[G1] and Mod(Σg)[G2] of Mod(Σg) are equal. If G1 and G2 are not
necessarily in the same component but the combinatorial graph Kd,g is connected, then Mod(Σg)[G1]
and Mod(Σg)[G2] are conjugate in Mod(Σg).

Proof. Let φ ∈ Mod(Σg)[G1]; by definition φ(G1) and G1 are in the same component. Since G1 and
G2 are related by a sequence of surgeries, so are φ(G1) and φ(G2). It follows that φ(G2) and G1

are in the same component, but this component also contains G2. Hence, φ ∈ Mod(Σg)[G2] which
implies that Mod(Σg)[G1] 6 Mod(Σg)[G2]. The other inclusion follows the same idea.

Assume now that Kd,g is connected, but G1 and G2 are no longer necessarily in the same

component of K̃d,g. Then there exists a sequence of surgeries between G1 and φ(G2), for some
φ ∈ Mod(Σg). By the above, Mod(Σg)[G1] = Mod(Σg)[φ(G2)], and the result now follows from the
conjugacy equation Mod(Σg)[φ(G2)] = φMod(Σg)[G2]φ−1. �

Our main theorem in this article gives a description of Mod(Σg)[G] when G is a regular 4-valent
graph. We end this section by providing some elements in Mod(Σg)[G], namely Dehn twists. Below,
when we speak of intersections of isotopy classes of curves and/or graphs, we mean that there
exists a pair of representatives with the specified intersection pattern for which all intersections are
transverse.

Lemma 3.5. Let G be a unicellular graph with vertices of even degree.

(1) If β is a simple curve that intersects G at exactly one point, then T 2
β ∈ Mod(Σg)[G].
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(2) Let β1 be a simple curve that intersects G at exactly two points lying on intertwined edges
x 6= y, and let β2 and β3 be two simple curves that intersect G exactly once at x and y,
respectively. Then T 2

β2
Tβ1T

2
β3
∈ Mod(Σg)[G].

Proof. For (1), assume that β intersects G along the non-oriented edge {x, x}. Then Figure 5 shows
that T 2

β (G) is given by σx,x(G).

x

x

β

Figure 5. Surgery on G between x and x is given by the square-twist about the
indicated curve β.

For (2), suppose that x 6= y are intertwined. The sequence

G→ σx,y(G)→ G′ := σx,y(G)

of surgeries is such that G and G′ are in the same Mod(Σg) orbit. In fact, if w1xw2xw3yw4y is the
coding of G, then Wσx,y(G) = w3xw2xw1yw4y and WG′ = w3xw4xw1yw2y. Since WG and WG′ are

equal (up to cyclic permutation and relabelling), there exists φ ∈ Mod(Σg) such that φ(G) = G′.
Let us compute φ.

→ →

Figure 6. Computing the effect of successive surgeries inside the pair of pants P.

Since x and y are intertwined, λx,y and λx,y intersect once and λ := λx,y ∪ λx,y is a closed curve
that self-intersects once. Taking a regular neighborhood of λ, we get a pair of pants P whose
boundary β1 (respectively β2, β3) intersects G twice at x and y (respectively once each, at x and y).
So, G and G′ differ only inside P and the sequence of surgeries depicted in Figure 6 shows that
φ = T 2

β2
TβT

2
β3

. �

Definition 3.6. Let G be a unicellular graph on Σg. A Dehn twist Tβ (or the underlying curve β)
is called visible relative to G if β intersects G at two points contained in distinct intertwined edges.
A Dehn twist Tβ is admissible if Tβ ∈ Mod(Σg)[G].

As a direct consequence of Lemma 3.5, we have a very useful criterion.

Corollary 3.7. Let G be a unicellular graph on Σg and β a simple curve that is visible relative to
G. Then Tβ ∈ Mod(Σg)[G].

For the remainder of the article, we will restrict attention to the case of unicellular collections-
recall that these are unicellular graphs with the degree partition d4 = (4, . . . , 4), and consist of a
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union of simple curves. Visible Dehn twists with respect to a unicellular collection are admissible,
and we will provide a set of admissible Dehn twists that generate Mod(Σg)[Γ].

Let Σg,n denote the oriented surface of genus g with n 6 2 boundary components (although we
have been considering closed surfaces Σg thus far, in Lemma 4.5, we will need to consider subsurfaces
of Σg, necessarily with boundary). We recall that a collection C := {γ1, . . . , γn} of simple curves on
Σg,n is a chain if i(γi, γi+1) = 1 and i(γk, γl) = 0 otherwise (here and throughout, i(·, ·) denotes
the geometric intersection number). The maximal number of curves in a chain C on Σg or Σg,1 is
2g + 1, and is 2g + 2 on Σg,2.

When the chain has 2g simple curves, it turns out that it is a unicellular collection. Since Kd4,g is

connected for all g ≥ 1 (Theorem 2.6.1), every connected component of K̃d4,g contains a unicellular
collection which is a chain; let us fix one particular such Γ0 and let γ0 be a simple curve obtained
by smoothing vertices of Γ0 (see Figure 7), representing the mod-2 homology class [Γ0]. Our final
result in this section exhibits a set of Dehn twists in the stabilizer Mod(Σg)[Γ0]; in the next section,
we will see that these twists suffice to generate the stabilizer of the mod-2 homology class [Γ0].

Figure 7. The unicellular collection Γ0 on top, and a simple curve representing its
mod-2 homology class γ0 on bottom.

β1 β2 β3

γ

β2g−2

β2g−1

α

Figure 8. The curves α, β1, . . . , β2g−2, β2g−1, γ of Proposition 3.8.

Proposition 3.8. With reference to Figure 8, the following mapping classes are contained in
Mod(Σg)[Γ0]:

T 2
α, Tβ1 , . . . , Tβ2g−2 , Tβ2g−1 , Tγ .

Proof. Comparing Figure 7 and Figure 8, one sees that the curve α intersects Γ0 at a single point.
By Lemma 3.5, T 2

α ∈ Mod(Σg)[Γ0] as claimed.
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We next argue that Tβ1 , . . . , Tβ2g−2 , Tγ ∈ Mod(Σg)[Γ0]. As illustrated in Figure 9, the unicellular
collection Γ0 is such that two unoriented edges with no common vertex are intertwined with
respect to some choice of orientations. This implies that the Dehn twists along the green curves
β1, . . . , β2g−2, γ shown in Figure 8 are visible with respect to Γ0, and hence contained in Mod(Σg)[Γ0]
by Corollary 3.7.

Figure 9. Example of intertwined edges on Γ0. Note how the arcs λx,y and λx,y
(shown in blue, resp. green) intersect once.

It remains to show that Tβ2g−1 ∈ Mod(Σg)[Γ0]. This will require more work, since β2g−1 is not
visible on Γ0. We show below that β2g−1 is visible on the unicellular collection Γ1, and hence by
Corollary 3.7, Tβ2g−1 ∈ Mod(Σg)[Γ1]. Figure 10 shows that Γ1 is obtained from Γ0 by a surgery.
It follows by Lemma 3.4 that Mod(Σg)[Γ1] = Mod(Σg)[Γ0] and hence Tβ2g−1 ∈ Mod(Σg)[Γ0] as
required.

→

Γ1Γ0

Figure 10. The surgery taking Γ0 to Γ1.

In general, a curve α of a unicellular collection Γ is called 1-simple if α is simple and intersects
Γ \ α once. If (x, x) intersects a 1-simple curve α of Γ then (x, x) is intertwined with any edge of Γ
except α := (a, a). In fact, if x is the oriented edge toward α then the coding of Γ is of the form
xaxw and this implies that x is intertwined with either y or y for any other edge y not equal to a.

In Γ1 there is exactly one 1-simple curve α and the arc λ along which the surgery on Γ0 is made
splits into two edges one of which is adjacent to α; let us denote it (x, x). It follows that (x, x) is
intertwined with any other edge in Γ1; in particular with the edges (t, t) and (z, z) adjacent to (x, x)
that are not in α. One of the visible Dehn twists supported by (t, t) and (x, x) or by (z, z) and
(x, x) is along β2g−1. �

4. Generating the stabilizer of a mod-2 homology class

Definition 4.1. Let ξ be an isotopy class of oriented simple closed curve on Σg. Define

Mod(Σg, ξ) 6 Mod(Σg)

as the subgroup of elements preserving ξ.
Let Sξ ⊂ Σg be a subsurface of positive genus with two boundary components, both isotopic to ξ

as unoriented curves (such Sξ is unique up to isotopy). Recall [FM12, Proposition 3.20] that the
inclusion Sξ ⊂ Σg induces a surjection

Mod(Sξ)� Mod(Σg, ξ),
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and hence any set of generators for Mod(Sξ) induces a set of generators for Mod(Σg, ξ).

Theorem 4.2. Let g ≥ 3 be given, and let x ∈ H1(Σg;Z/2Z) be nonzero. Then Mod(Σg)[x]
is generated by T 2

η and Mod(Σg, ξ), where ξ is any simple closed curve satisfying [ξ] = x ∈
H1(Σg;Z/2Z), and η is any simple closed curve with geometric intersection i(ξ, η) = 1.

Proof. Define

G :=
〈
T 2
η ,Mod(Σg, ξ)

〉
.

There is an evident containment G 6 Mod(Σg)[x]. We will argue that this in an equality in two
steps. Let f ∈ Mod(Σg)[x] be given. In Step 1, we will produce f1 in the coset Gf that preserves
the integral homology class of ξ. Then in Step 2, we will produce f2 ∈ Gf that preserves the
oriented isotopy class of ξ, so that f2 ∈ Mod(Σg, ξ) 6 G, ultimately showing that f ∈ G. To avoid
unnecessary notational complexity, we will not track the specific modifications made to f by G,
instead speaking of adjusting f (tacitly always by left multiplication by some γ ∈ G).

Step 1: Preserving integral homology. Recall that a symplectic basis for H1(Σg;Z) is a
generating set x1, y1, . . . , xg, yg such that 〈xi, yi〉 = 1 and all other pairings are zero. We recall the
well-known fact that a pair of elements x, y ∈ H1(Σg;Z) satisfying 〈x, y〉 = 1 can be extended to a
symplectic basis with x1 = x and y1 = y, and apply this to x = [ξ] and y = [η].

Remark 4.3. In these coordinates, classes in the subspace

H1(Σg \ ξ;Z) := 〈x1, x2, y2, . . . , xg, yg〉
admit representatives as simple closed curves supported on Sξ.

We also define the symplectic subspace

H ′ = 〈x2, y2, . . . , xg, yg〉 .
By hypothesis, f(x1) = x1 (mod 2), so that

f(x1) = ax1 + bx2 + w,

where a is odd, b is even, and w = 2w′ for some w′ ∈ H ′. Define

c := gcd(w) and d := gcd(a, b);

note that c is even, d is odd, and gcd(c, d) = 1.

Claim 1. f can be adjusted so that f(x1) = dx1 + 2dy1 + cx2.

Proof. Note first that Mod(Σg, ξ), and hence G, acts transitively on elements of H ′ of given gcd, while
leaving x1 and y1 components unchanged. Thus f can be adjusted so that f(x1) = ax1 + by1 + cx2.

The second adjustment can be performed via a variant of the Euclidean algorithm. The Dehn
twist T±1

ξ ∈ Mod(Σg, ξ) 6 G takes the vector ax1 + by1 + cx2 to (a± b)x1 + by1 + cx2, and T±2
η ∈ G

takes ax1 + by1 + cx2 to ax1 + (b ∓ 2a)y1 + cx2. If 0 < |b| < |a|, then, for appropriate choice of
sign, |a± b| < |a|. If instead |b| > |a| > 0, then likewise |b∓ 2a| < |b| for appropriate choice of sign.
In this way, ax1 + by1 + cx2 can be taken to dx1 + cx2, and hence to dx1 + 2dy1 + cx2, via a final
application of T 2

η . �

Claim 2. f can further be adjusted so that f(x1) = (c− d)x1 + 2dy1 + 2d′x2 for some integer d′.

Proof. By Remark 4.3, there is a simple closed curve ζ ⊂ Sξ with [ζ] = x1 + y2 in H1(Σg;Z). The
twist Tζ ∈ G then takes dx1 + 2dx2 + cx2 to (c− d)x1 + 2dy1 + (2c− 2d)x2 as claimed. �

Claim 3. f can further be adjusted so that f(x1) = x1 + 2y1 + 2d′x2.
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Proof. Following Claim 2, this now follows by repeating the argument of Claim 1, noting that since
gcd(c, d) = 1 and c is even and d is odd, also gcd(c− d, 2d) = 1. �

To finish the proof of Step 1, we observe that by Remark 4.3, there is a simple closed curve
ζ ′ ⊂ Sξ with [ζ ′] = x1 + x2. Acting on H1(Σg;Z),

T 2
η T
−d′
ξ T d

′
ζ′ (x1 + 2y1 + 2d′x2) = T 2

η (x1 + 2y1) = x1.

Step 2: Preserving isotopy. Following Step 1, given f ∈ Mod(Σg)[x], we can adjust f within
Gf to assume that f(x) = x in H1(Σg;Z). We will now show how such f can be adjusted so that
f(ξ) = ξ on the level of isotopy classes of oriented curves.

Lemma 4.4. Let γ be an isotopy class of simple closed curve on Σg that satisfies i(ξ, γ) = 1. Then
T 2
γ ∈ G.

Proof. Choose representatives for γ and Sξ in minimal position; by abuse of notation we continue
to refer to these by the same symbols. Since i(γ, ξ) = 1 and the representatives are in minimal
position, it follows that γ ∩ Sξ is a single arc connecting the boundary components of Sξ. Possibly
after several applications of Tξ, also γ ∩ (Σg \ Sξ) is isotopic to η ∩ (Σg \ Sξ). As Mod(Sξ) acts
transitively on isotopy classes of arcs connecting the boundary components, it follows that there is
g ∈ Mod(Sξ) taking γ ∩ Sξ to η ∩ Sξ. Thus T kξ g(γ) = η. As T 2

η ∈ G, it follows that also T 2
γ ∈ G as

claimed. �

Lemma 4.5. Let ξ′ be an oriented simple closed curve such that [ξ] = [ξ′] in H1(Σg;Z) and such
that i(ξ, ξ′) = 0. Then there is an element τ ∈ G such that τ(ξ) = ξ′. Consequently, G contains the
element Tξ′ and the subgroup Mod(Σg)[ξ

′].

β

β′

ξ

ξ′

α2

α2k+1

S

Figure 11. The configuration of curves involved in Lemma 4.5, illustrated for g = 5
and k = 2. The label on α1 is not shown for clarity.

Proof. By the change-of-coordinates principle, ξ and ξ′ can be depicted in the form shown in
Figure 11. As shown there, there are curves β, β′ such that TβT

′−1
β (ξ) = ξ′. We will show that

TβT
−1
β′ ∈ G.

To see this, let S ⊂ Σg be either of the subsurfaces bounded by β ∪ β′. Again by the change-of-
coordinates principle, there is a maximal chain α1, . . . , α2k+1 ⊂ S such that i(α1, ξ) = 1 and such
that i(αj , ξ) = 0 for j ≥ 2. Necessarily then αj is supported on Σg \ ξ for j ≥ 2, so that Tαj ∈ G for

j ≥ 2. By Lemma 4.4, since i(α1, ξ) = 1, also T 2
α1
∈ G.

By the alternate formulation of the chain relation [FM12, Section 4.4.1], TβTβ′ is an element of
the subgroup generated by T 2

α1
and Tαj for j ≥ 2, and a fortiori is an element of G. By Lemma 4.4,

also T 2
β ∈ G, so that TβT

−1
β′ ∈ G.
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The final claim follows by noting that conjugation by TβT
−1
β′ takes Tξ to Tξ′ and Mod(Σg, ξ) to

Mod(Σg)[ξ
′]. �

We can now complete the proof of Step 2. According to [Put08, Theorem 1.9], since g ≥ 3, there
is a sequence of oriented simple closed curves ξ1, . . . , ξn ⊂ Σg with ξ1 = ξ and ξn = f(ξ), such that
[ξi] = [ξ] for all i, and such that i(ξj , ξj+1) = 0 for all j < n. By repeated application of Lemma 4.5,
G contains elements τ1, . . . , τn−1 such that τj(ξj+1) = ξj for all 1 6 j 6 n− 1. Then

τ1 . . . τn−1f(ξ) = ξ,

and τ1 . . . τn−1f ∈ G, completing Step 2 and the argument as a whole. �

We can now complete the proof of Theorem A.

Figure 12. Identifying the configuration in Figure 8 with the Humphries generating
set for Mod(Σg−1,2).

Proof of Theorem A. Let Γ ∈ K̃d4,g be given. By Lemma 3.4, if Γ′ is in the same component of

K̃d4,g, then there is an equality of stabilizer groups Mod(Σg)[Γ] = Mod(Σg)[Γ
′], and Mod(Σg)[Γ]

is conjugate to any stabilizer group Mod(Σg)[Γ
′′] regardless of whether Γ and Γ′′ are in the same

component. It follows that without loss of generality, we can take Γ = Γ0 as in Figure 7.
Let x ∈ H1(Σg;Z/2Z) be the surgery invariant of Γ0. Resolving the crossings in Γ0 as shown in

Figure 7, one obtains the simple closed curve ξ shown therein as an explicit representative for x.
By Corollary 3.3, there is a containment Mod(Σg)[Γ0] 6 Mod(Σg)[x]. To show the opposite

containment, we appeal to Theorem 4.2, with ξ as in Figure 7 and η = α as in Figure 8. By
Proposition 3.8, the mapping classes T 2

α, Tβ1 , . . . , Tβ2g−1 , and Tγ all belong to Mod(Σg)[Γ0]. Figure 12
shows that the curves β1, . . . , β2g−1, γ form the configuration of the Humphries generating set on
the subsurface Σξ. Thus by Theorem 4.2, it follows that Tβ1 , . . . , Tβ2g−1 , Tγ , T

2
α together generate

Mod(Σg)[x], showing the desired equality Mod(Σg)[Γ0] = Mod(Σg)[x].
It remains to prove the final claim, that if Γ and Γ′ have the same surgery invariant [γ] = [γ′] = x,

then Γ and Γ′ are contained in the same component of K̃d4,g. By Theorem 2.6.1, the combinatorial

surgery graph Kd4,g = K̃d4,g/Mod(Σg) is connected, so that Γ′ is connected via a sequence of
surgeries to Γ′′ of the form Γ′′ = f(Γ) for some f ∈ Mod(Σg). As the surgery invariants of Γ and Γ′

(and hence Γ′′) all equal x ∈ H1(Σg;Z/2Z) by hypothesis, it follows that f ∈ Mod(Σg)[x]. By the
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above, it follows that f ∈ Mod(Σg)[Γ], showing that there is a sequence of surgeries connecting Γ to
Γ′′ and ultimately to Γ′. �
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