NONINJECTIVITY OF THE MONODROMY OF CERTAIN EQUICRITICAL STRATA

PETER HUXFORD AND NICK SALTER

ABSTRACT. An equicritical stratum is the locus of univariate monic squarefree complex polynomials where
the critical points have prescribed multiplicities. Tracking the positions of both roots and critical points,
there is a natural “monodromy map” taking the fundamental group into a braid group. We show here that
when there are exactly two critical points, this monodromy map is noninjective.

1. INTRODUCTION

Let Poly,,(C) denote the space of monic squarefree complex polynomials of degree n. Identifying monic
polynomials with their roots induces an isomorphism with the space UConf, (C) of unordered n-tuples in
C. From the polynomial perspective, it is natural to consider the stratification on Poly,, (C) induced by the
multiplicities of the critical points of f(z) € Poly,,(C), or equivalently the multiplicities of the roots of f/(z).
For a partition k = {k1,...,k.} of n—1, define the equicritical stratum Poly,,(C)[x] as the locus in Poly,,(C)
consisting of those f whose critical points have multiplicities specified by «.

Each Poly,, (C)[x] admits a natural map into the space UConf,,1,(C) by associating to f the (n+r)-tuple
of roots and critical points (note that a root coincides with a critical point if and only if f is not squarefree).
Moreover, after lifting to a finite cover of UConf,,;,(C) that distinguishes roots and critical points, this map
is an embedding. Passing to the fundamental group, this induces a monodromy homomorphism

P '%n [K}] — Bn+7‘>

where we have defined %, [x] := m(Poly,,(C)[x]) and B4, = m(UConf,,(C)). The latter is the usual
braid group (here on n + r strands), while we call the former a stratified braid group.

Equicritical strata are simple examples of families of smooth varieties embedded in some fixed ambient
space, subject to certain geometric constraints. Generally in such problems, it is of interest to understand
how much of the topology of such a family is captured by various flavors of monodromy representation.
There are at least two variants of monodromy one can study: the intrinsic monodromy, valued in some
automorphism group associated to the variety itself (in our setting, this is just the induced permutation on
the roots and critical points), as well as the finer embedded monodromy, which tracks the automorphism of
the pair of the ambient space and the subvariety.

The importance of the embedded monodromy has been recognized by many authors in many problems,
going at least as far back as the work of Dolgachev—Libgober [DL81] in the context of families of smooth
degree d projective hypersurfaces. In spite of this, there have been only sporadic results. The purpose of
this paper is to show that for a certain class of equicritical strata, namely those with exactly two critical
points, the embedded monodromy p is, somewhat to the authors’ surprise, non-injective.

Theorem 1.1. For alln > 3 and all p,q > 1 such that p+ q =n — 1, the monodromy map
p: *@n[pa (Z] - Bn+2

18 not injective.
Context: equicritical strata. The equicritical strata were introduced by the second-named author in
[Sal25] (though are implicit in the work [DM22, DM24] of Dougherty-McCammond). Subsequently in

[Sal24], the image of p in B4, was completely determined. When r = 1, for n > 2 and k = {n — 1} we have
PBn|k] = Z, and the map p is injective with image conjugate to the subgroup (o102 --op01) of Byy1. In the
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nondegenerate regime r > 1, the image turns out to be a “framed braid group” — a certain infinite-index
subgroup of B, 4, consisting of braids that preserve a certain “winding number function” assigning winding
numbers to arcs on a punctured disk. Ultimately this constraint arises from the geometric interpretation of
the logarithmic derivative of f (a meromorphic differential on CP') as a translation surface. In general the
stratified braid groups %, [k] themselves are rather mysterious, but can be understood as an extension of
their image in By, by ker(p). Following the work of [Sal24] which determines im(p), attention shifts to the
problem of understanding ker(p). Note, however, that in the case r = 2 studied here, the algebraic structure
of B, [k] is well-understood — Proposition 2.2 shows that %,[p,q] = F» x Z (in the case p = ¢, only after
passing to a subgroup of index 2).

What about higher r? It is not difficult to see that the explicit kernel elements constructed in Section 4
generalize to kernel elements for general equicritical strata. The issue is that some new mechanism for
certifying their nontriviality in %, [x] must be developed. In the case r = 2, the derivative map D studied
in Section 2 realizes Poly,, (C)[p, q] as the total space of a fiber bundle with fiber having free fundamental
group. As observed in Remark 2.4, this no longer holds as soon as r > 3. Although the second-named author
previously conjectured ([Sal24, Conjecture 1.2]) that p should be injective for r > 3, we have become less
confident that this should be the case, and pose this here as a question. We also remark that the question
of asphericity of the equicritical strata for » > 3 remains very much open.

Outline of proof and organization of paper. In Section 2, we show that, after possibly passing to
a two-sheeted cover, Poly, (C)[p,q] can be identified with a product PConfy(C) x (C\ {0,1}) (here and
throughout, PConf,,(C) denotes the configuration space of ordered n-tuples in C), and describe a pair of
explicit free generators x,y for the fundamental group of the fiber. The monodromy images of x and y are
determined in Section 3. Then in Section 4, we exhibit an explicit nontrivial word in x and y, and prove
that it lies in the kernel of p.

Acknowledgments. We would like to thank the anonymous referee, whose comments helped improve
the exposition of the paper. The second-named author gratefully acknowledges support from the National
Science Foundation (grants no. DMS-2153879 and DMS-2338485).

2. A GLOBAL DESCRIPTION OF Poly,,(C)[p, ¢]
We now fix p,g > 1, and let n =p+q+ 1.
2.1. Bundle structure.

Definition 2.1. Let Poly, (C)[[p,q]] be the (one- or two-sheeted) connected cover of Poly, (C)[p, q] that
equips a polynomial with an ordering of its two critical points.

Note that this cover is two-sheeted if and only if p = q.

Proposition 2.2. There is an isomorphism of varieties

Proof. An element of Poly,,(C)|[[p, ¢]] is determined by
e the ordered pair of its critical points,
e the constant term of the underlying polynomial.
This allows us to view Poly,, (C)[[p, q]] as a Zariski-open subset of C3. To more easily describe what this
subset actually is, we choose the following coordinates (a,b, c) on C3, where:
e q is the first critical point (of multiplicity p),
e b is the second critical point (of multiplicity g¢),
e c is the value of the underlying polynomial at a.
The polynomial associated to the triple (a, b, ¢) is

z

Fane(z) =n / (1 — a)P(u — b7 du + c.

a
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The critical points of f(4 ) are a and b. Thus the critical values are f(,,.)(a) = ¢ and

b 1
f(a,b’c)(b):n/ (u—a)p(u—b)qdu—i-c:n(b—a)"/o P —1D%dv+c=pulb—a)" +e,

where p # 0 is the constant n fol vP(v — 1)?dv. Therefore
Poly,, (C)[[p,q]] = C* = V(b —a) = V(e) = V(u(b—a)" + ).
Making the change of coordinates d = #(b%‘;l)n gives the identification
Poly,,(C)[[p,q]] = C* = V(b —a) = V(d) = V(d - 1),
from which the identification
Poly,,(C)[[p, q]] = PConf3(C) x (C\ {0,1})
follows. 0

Remark 2.3. The projection map D : Poly, (C)[[p,q]] — PConf3(C) is a disguised form of the ordinary
derivative, assigning as it does to f € Poly,, (C)[[p, ¢]] the ordered tuple of its critical points. The proof of
Proposition 2.2 shows that D realizes Poly,, (C)[[p, ¢]] as a globally trivial fiber bundle over PConfy(C) with
fiber the twice-punctured plane. When p = ¢, D descends to realize Poly,,(C)[p, p] as a nontrivial bundle
over UConfy(C) with fiber the twice-punctured plane.

Remark 2.4. For stratified configurations spaces for at least 3 critical points, the map D recording the
critical points is no longer a locally trivial fibration. For example, for the map Poly,[1,1, 1](C) — UConf3(C)
that records a polynomial’s critical points, the fiber over a configuration in UConf3(C) is generically a three-
times punctured complex plane, but it is a twice punctured complex plane if and only if the configuration
has the form {u,v, (u+ v)/2} where u # v.

2.2. Explicit free generators.

Definition 2.5. We define two elements z,y € %, [p, q] as follows. Let g(z) be the polynomial
(1) g(z) = n/ uP(u — 1)? du.
0

Note that g(z)—c € Poly,,(C)[p, q] if and only if ¢ € C—{0, u}, where p # 0 is the constant nfol uP(u—1)7 du.
We consider elements of %, [p, ¢q] that can be represented as loops of the form g(z) — 7(t), where y(t) is a
path in C — {0, u}.

Let 2,y € %Bnlp, q] be the elements corresponding to (¢) being a counterclockwise circular loop around
0, and around p, respectively, both based at u/2.

Implicit in this definition we are taking g — u/2 for our base point of Poly,,(C)[p,q]. That is, we are
identifying %, [p, q] with the fundamental group 7 (Poly,, (C)[p,q],g — 11/2).

Lemma 2.6. The elements x,y € Bn[p,q] generate a free group Fy of rank 2.

Proof. Since x and y can be represented by loops of polynomials whose critical points {0, 1} remain fixed,

they lift to loops in (the one- or two-sheeted cover) Poly,,(C)[[p,¢g]]. The isomorphism Poly, (C)[[p,q]] =
PConf3(C) x (C — {0,1}) from Proposition 2.2 gives an isomorphism

71 (Poly,,(C)[[p, q]], g — 1/2) = w1 (PConfs(C), (0,1)) x m(C — {0,1},1/2),

which is isomorphic to Z x Fy. The generators x and y lie entirely inside the w1 (C —{0,1},1/2) = F5 factor,
and are represented by counterclockwise loops around 0 and 1, respectively. In particular they generate this
free group of rank 2. |
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S1 T Sp Spt1 Spt2 T Sn
—_— e — e — G * o * O
0 1 0 1 0 1 0 1 0 1
FIiGUrE 1. Patches of the surfaces Sy,...,5,

3. EXPLICIT DESCRIPTION OF THE MONODROMY HOMOMORPHISM
Let z,y € %B,[p, q] be as in the previous section.
Proposition 3.1. The monodromy homomorphism p: B, [p,q] = Bnt2 satisfies

p(x) = 0102 0p101,  p(Y) = Op+20p13 - Opigi20pt2

Technically, we have only defined the monodromy homomorphism p up to conjugation in B, 5. To define
x,y € Bnlp, q], we chose to view L, [p, q] as the fundamental group based at g — /2, i.e. the group

m1(Poly,,(C)[p,ql,9 — 1/2).

Since g—pu/2 has critical points at 0 and 1, to make sense of the monodromy homomorphism %,,[p, | — Bj+2,
we must choose an isomorphism

(2) Bpya = m (UConf, 15(C), g~ (11/2) U{0,1}).

We describe how to obtain such an isomorphism in Section 3.2. In order to do this, and compute the
monodromies p(x) and p(y), we first give a description of g as a branched cover in Section 3.1.

3.1. Description of g: CP! — CP' as a branched cover. Construct a surface S as follows. Begin with n
copies S, ..., S, of CP! =CU {o0}. In the first p copies S1,...,S, cut a “red” slit between 0 and oo along
the interval (—o0,0) C C. In the last ¢ copies Spyo,...,Sprqr1 = Sp cut a “blue” slit between 1 and co
along the interval (1,00) C C. In the final remaining copy Sp+1 we cut both a red slit along (—o0,0) and a
blue slit along (1, 00). See Figure 1. Note that in Figures 1 to 5 the point co always lies outside the depicted
patches, and slits or arcs will be colored red (respectively blue) if and only if their only visible endpoint is 0
(respectively 1).

We now glue the surfaces S; as follows. For 1 < ¢ < p, glue the bottom of the red slit of S; to the top
of the red slit of S;;1, and glue the bottom of the red slit of S, to the top of the red slit of S;. For
p+1 < i < n, glue the top of the blue slit of S; to the bottom of the blue slit of S;;1, and glue the top of
the blue slit of S;, to the bottom of the blue slit of Sp4;. Identify all copies of co among S1,...,S,, and
separately identify all copies of 0 among Si,...,Sp+1, and all copies of 1 among Sp41,...,5,. Call these
identified points co, 0, and 1 respectively.

After doing all the gluing and identifications, we obtain a topological surface S that is homeomorphic
to the 2-sphere. The identifications of each S; with CP! descend to a well-defined map S — CP!. Over
CP' — {0,1, 00}, this map restricts to an unbranched degree n covering map. The preimage of a small
neighborhood of oo consists of a single connected neighborhood of co, on which there are charts so that the
map S — CP! becomes the map z — 2" at the origin. Over a small neighborhood of 0 € CP* (respectively
1 € CP') we find ¢ + 1 (respectively p + 1) connected components in S. On all but one of these S — CP*
restricts to a local homeomorphism. The other component is a neighborhood of 0 (respectively 1), on which
there are charts so that the map S — CP' becomes the map z — 2P+ (respectively z — 29%1) at the origin.

Thus the map S — CP' is a degree n branched covering map, and there exists a unique complex structure
on S for which this branched covering map is holomorphic. Since S is homeomorphic to the 2-sphere, the
resulting Riemann surface S is isomorphic to CP' by uniformization. We identify S with CP* via the unique
isomorphism that sends o — oo, 0 — 0, and 1 — 1. For 1 < i < n we let S; denote the complement of



NONINJECTIVITY OF THE MONODROMY OF CERTAIN EQUICRITICAL STRATA 5

FIGURE 2. A patch of the glued surface S = CP*

all slits and slit endpoints in S;. We now view the open subsets S7, ..., S, of the original surfaces as open
subsets of CP'. See Figure 2 for a depiction of this away from oo.

This identification of S with CP' identifies the degree n branched cover S — CP' with a rational map
h: CP* — CP'. Since h~'(c0) = {o0}, it follows that h is a polynomial. The derivative h'(z) of this
polynomial is a scalar multiple of ¢’(z), and h(0) = 0 = g(0), while (1) = 1 and ¢(1) = u. Hence g = ph.

3.2. Identification with the braid group. Let m > 2 and X € UConf,,(C). Consider an arc § in C,
whose endpoints are two distinct elements of X, and whose interior does not meet X. The half twist along §
is the element of 7, (UConf,,(C), X) represented by a loop that fixes all elements of X except the endpoints
of ¢, which are swapped in a counterclockwise fashion, each endpoint traveling halfway around the boundary
of a small thickening of §. Note that the definition of a half twist does not depend on any orientation é may
have, and only depends on d up to isotopies that fix its endpoints.

To specify an isomorphism B,,, = 71 (UConf,,(C), X), it suffices to specify a collection of arcs 01, ..., dp—1
that connect pairs of points {x1,z2}, {x2, 25}, .., {®m-1,2m}, where X = {z1,...,2,,}. The interiors of
these arcs must avoid one another and the points in the configuration X, so that they form a long embedded
arc when concatenated. Then the standard generators o1, ...,0,,—1 of B,, will correspond to the half twists
about 61, ey 57,7,_1.

In our setting, we have m = n + 2, and X = g~ 1(u/2) U {0,1}. For each 1 < i < n, let z; be the unique
point in SP such that ¢g(z;) = p/2, so that X = {z1,...,2,,0,1}.

To specify arcs of the sort mentioned above, we will use the branched cover g: C — C to lift paths in C
whose endpoints lie in {0, 11/2, u}, to paths in C whose endpoints lie in {z1,...,2,,0,1}. Choosing arcs of
this form will allow us to easily read off the values of p(z) and p(y) in the braid group B, 12.

Definition 3.2. Define arcs ay,...,an, B1,-.+, 00, £3,...,£0, and £1,...,¢L in C as follows. For each

1 <i < mn, the arcs oy, B34, €9, £} all end at z; € SP. Furthermore, they are all obtained by using g to lift paths
as follows:

ay; is a lift of the counterclockwise circular loop centered at 0, based at p/2.
B; is a lift of the counterclockwise circular loop centered at p, based at p/2.
9 is a lift of the line segment connecting 0 and /2.
¢} is a lift of the line segment connecting 1 and /2.

By definition of x and y, the braids p(z) and p(y) are represented by the loops {aq,...,a,,0,1} and

{ﬁl, ces ,IBn, O7 1} in UCOHf»,H_Q(C).
From the description of g: C — C as a branched cover, the following topological facts are immediate:

e The arcs a1,...,0,11 form a single loop connecting the points z1,..., 2,41, and each of these arcs
only meet two of the S7. Specifically, for 1 <4 < p the curve a; only meets 57 and 57, whereas
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FIGURE 3. The monodromy p(z) FIGURE 4. The monodromy p(y)

FIGURE 5. The sequence of arcs €9,£9, g, ..., ap, £, 1,0} 5, Bpia,. .., Bn1.

ap+1 only meets Sp 4 and S7. For p+2 <4 < n, the arc «; is a loop based at z; completely contained
in S7. See Figure 3.

e The arcs Bpy1,..., B, form a single loop connecting the points zp41, ..., 2y, and each of these arcs
only meet two of the S7. Specifically, for p+1 < i < n — 1 the curve 5; only meets 57 and S7?,;,
whereas a;, only meets Sy and Sy, ;. For 1 <i < p, the arc f3; is a loop based at z; that is completely
contained in S7. See Figure 4.

e For 1 <i<p+ 1, the arc £ connects z; and 0, and the interior is completely contained in SY.

e For p+1 <i<n, the arc £} connects z; and 1, and the interior is completely contained in Sy.

For p+2 < i < n, we can replace each «; with z; and represent p(x) by the path {cu, ..., apt1, Zpt+2,- -, 2n, 0,1}
since Sy is simply connected. Similarly we can represent p(y) by the path {z1,..., 2, Bp+1,-- -, Bn, 0,1}
The sequence of arcs that we use to specify the isomorphism (2) is as follows (see Figure 5):

6(1)763’ g, ... 705p7£;)+17€]1)+27 /6p+27 s 7/8n—1-
Implicit in this sequence of arcs is the ordering 21,0, 22, ..., 2p11, 1, Zp42, - - -, 2n of g71(1/2) U{0,1}.
From our description of p(x) and p(y), as well as our observations about £ and ¢}, it follows that with
respect to our isomorphism (2) we do indeed have
p(x) =01+ 0pt101, P(Y) = Opt2- " Ont10pta,

as required. See Figures 6 and 7. This completes the proof of Proposition 3.1. a



NONINJECTIVITY OF THE MONODROMY OF CERTAIN EQUICRITICAL STRATA 7

Zp+2  Zn 21

1 0 P
e ¢ o ® ® ¢ o

FIGURE 6. FIGURE 7.
p(x) € Bpyg+s for p=3 and g = 2. p(y) € Bpigts for p=3and ¢ = 2.

FIGURE 8. The braids o7y 4) (left) and &3 4) (right) in By.

4. CONSTRUCTION OF NON-TRIVIAL ELEMENTS IN THE KERNEL

The following theorem establishes Theorem 1.1 by explicitly constructing a non-trivial element of %, [p, ¢
with trivial monodromy.

Theorem 4.1. The word

1

(2Pt yaPy ay] € Balp, q)

is a non-trivial element of ker(p: Bn[p,q] = Bni2).

The non-triviality of this word follows immediately from Lemma 2.6: the centralizer of 2P*! in the free
group on z and y is (), and yzPy 12y is not a power of x. The main content of Theorem 4.1 is that the
image of this word is trivial in B, 5. To prove Theorem 4.1 we will write p(yaPy~'zy) as a product of
braids that all commute with p(zP*1). To facilitate writing this product, we begin by defining some special
elements of the braid group.

4.1. Products of consecutive standard generators. Let m > 2. For 1 <4, j < m we define the following
elements of the braid group B,,.

ooy i<y __Jojo i<y
Tliri] "= o Tlirg] = gy
1 1> 7, 1 1> 7.
See Figure 8 for an example depicting these braids. The commuting relations in the braid group imply that
for 1 <4,5,¢,5' <m
U[i7j]cr[7;/7j/] = O—[i/,j’]g[i,j]a if |Z/ — ]| 2 2 or |Z —jl| 2 2.
For 1 <i < m — 1, the braid relation ¢;0;410; = 0;410;0;4+1 can be expressed by the identity
014,i+1]0¢ = Oi+107[j i+1]-
In fact, if 1 <7 < j < m, then we have

04,5191 = O[4,i+1]0[i42,5]9% = O[3,i+1]940[i+2,5] — Oi+10[i,i+1]0[i+2,5] — Oi+10[i,j]-
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*? , ? ¢ ¢ ? ¢ ¢ ) [
W
W
-
e & & o6 o o o
FIGURE 9. Illustration of twisty in By. F1GURE 10. Illustration of pushy in Br.

FIGURE 11. A path in A4 C D4 C Dg representing the generator of w1 (A4, py) correspond-
ing to push, in Bg

4.2. Dehn twists. Let 2 < k < m and define the following element of B,,:

twisty == (0[17k_1]01)k71.

See Figure 9 for an example of this braid. If we view B,, as a mapping class group of an m-times punctured
closed disk D,,, then twist; can be represented by a Dehn twist about the boundary of a disk Dy containing
the first k punctures. In particular twisty lies in the pure braid group PB,,, which is the subgroup of B,,
consisting of braids that induce the trivial permutation on their strands. This disk Dy is such that the
inclusion Dy C D,, induces the standard inclusion homomorphism By — B,,.

Therefore, twisty commutes with each of o1,...,0,_1 and og41,...,0m—_1.

4.3. Point pushes. Let 2 < k < m, and define the following element of B,,:

push, = O[1,k—1]01,k—1] = (Ok—1--01)(01 - Op—1).

See Figure 10 for an example of this braid. Once again view B,, as a mapping class group of an m-times
punctured closed disk D,,, and let Dy_1 C Dy C D,, be inclusions that induce the standard inclusion
homomorphisms Byg_1 — Bx — B,,. Define the closed annulus Ay := Dy — int(Dg_1). Then push, is the
image of a counterclockwise generator of 71 (A, px) under the point-pushing homomorphism 71 (Ag, pr) —
PB,,. See Figure 11. In particular, push,, also lies in PB,,.

Therefore, push; commutes with each of oy,...,0,_2 and og41,...,0m—1. We also have the following
identity in PB,y:

twisty 1 = twisty - pushy, .

See Figure 12 for a depiction of this identity. To justify this identity, recall that twist; and twistyy, are
Dehn twists about 0Dy and ODg1, so in particular they commute. This identity is then equivalent to
pushy ;| = twisty 1 tvvist,;l7 which is a standard identity for point pushes, see e.g. [FM12, Fact 2.7].
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FIGURE 12. The braids twists (left) and twisty - pushy (right) in By. The fifth strand is
colored green only for visual clarity.
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FI1GURE 13. The left and right sides of the identity from Lemma 4.2 when p = 3 and g = 2.
The second and sixth strands corresponding to critical points are colored purple, whereas
the seventh strand is colored green only for visual clarity.
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4.4. Rewriting p(yzPy~'xzy). We are now in a position to express p(yzPy~
all commute with p(zP*1).

xy) as a product of braids that

Lemma 4.2. The following identity holds:

1

- . -1_-1
p(yzPy ™ wy) = twist, 410, 0, 1010543 Push,, 43 043041

See Figure 13 for an example of this identity. Note that the factor o 10; _&101 simplifies to o, _&1 if and
only if p > 2.
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1

Proof. We will compute p(yazPy~'zy) in chunks, and combine everything at the end. By Proposition 3.1 we

have
p(T) = 01,p41)01 = 0201 p41],
ply) = Op+2,n+1]9p+2 = Op+30[p+2,n+1]-
Hence,
plyaPy ") = (Ueri%U[p+2,n+1])P(»’Cp)(Uer?»U[erz,nH])_1
= (0p+30p+2)p(a?) (0p430p+2) ",
where the last equality holds because p(r) € B), o commutes with o135 ,41). We also have
(0pr30p+2) (@) = 0,50, 500 prajon
= O[1,p] ‘T;J:Q%Jrlf’l"z#?,
= 0[1,p| (0p+1‘7p+20p_-&10p_-&2)01‘7p_4}3
Ol pa0y 010,507
p(@)oy H(opr20, 1010, L0 L)

= P(@%H(Ufl%;hal)(01;:2‘7;;:3)-

Furthermore,

-1 -1 _ -1 -1 —
(Up+20p+3)P(y) = 0p4+20p4+30p+30[p+2,n+1] = O[p+3,n+1]-

We will also use the fact that
p(xPt) = twist, o .
Therefore,
Lay) = (0p130p12)p(a) (0p130p42) " p(2)p(y)
Op+30p+2 P($p+1)0p+2(0140;&101)(U;J:QU;ig)P(y)
(zP*!

p(z? )Up+2(Uf105ﬁ101)0[p+3,n+1]

pyxPy~

. -1 -1
Opt+30pt2) tWistyyo Opra(0y 0, 1101)0p13 nt1)

( )
( )
(Op+30p+2)
( )t
(0p+30pt2) twisty 1 push,, o 0p+2(oflagjlal)a[p_,r&nH]

= Opt3 twist, i1 pushp+3(crl_lo;ﬁlol)a[p_ﬁnﬂ]

= twist,41 Ul_lcr;_ilcrlam_g push, i3 0[p13n41]- [l

4.5. Proof that p(zP™!) and p(yzPy lzy) commute.

Proof. It was observed earlier that twist, o commutes with o1,...,0p41 and opy3,...,0,41. We also ob-
served that push, ; commutes with everything in By, including twist,;». Hence p(zP*!) = twist, o
commutes with p(yaxPy~lxy) by Lemma 4.2. a

This completes the proof of Theorem 4.1, and hence also Theorem 1.1.
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