
C O H O M O L O G I E S  O F  T H E  G R O U P  C O S  M O D  2 

D .  B .  F u k s  

I n v e s t i g a t i o n  of  the c o h o m o l o g i e s  of  the  g roup  COS in the  s e n s e  of A r t i n  was  begun by  
V. I. A r n o l ' d  [1]. In th i s  a r t i c l e  i s  g iven  e xha us t i ve  i n f o r m a t i o n  about  the c o h o m o l o g i e s  of 
the  g roup  COS with coe f f i c i en t s  in Z 2. 

§ 1 .  T H E  P R O B L E M  P O S E D .  D E F I N I T I O N S .  N O T A T I O N  

1.1. By G n  we denote  the  s u b s p a c e  of  the s p a c e  c n  c o n s i s t i n g  of  po in t s  w h o s e  c o o r d i n a t e s  a r e  p a i r -  
w i s e  d i f f e r e n t .  The g roup  S(n) of  p e r m u t a t i o n s  of n th ings  a c t s  on Gn wi thout  f ixed  po in t .  The f a c t o r  s p a c e  
of  Gn is o b v i o u s l y  the s p a c e  of  u n o r d e r e d  c o l l e c t i o n s  of  n p a i r w i s e  d i f f e r e n t  c o m p l e x  n u m b e r s .  As is known 
( see  [1]) the fundamen ta l  g roup  of  the  s p a c e  G n , i n  which as  a m a r k e d  po in t  [s t aken  the s e t  {1 . . . . .  n}, is  
none o t h e r  than B(n), the g roup  COS on n t h r e a d s ,  but  the  h o m o t o p y  g r o u p s  7ri(G n) a r e  t r i v i a l  for  i >- 2. 
A c c o r d i n g l y ,  O n is  the  c l a s s i f i c a t i o n  s p a c e  of the  g roup  B(n) and the c o h o m o l o g i e s  t h e r e ,  by de f in i t i on  a r e  
c o h o m o l o g i e s  of th is  g roup .  The p r i n c i p a l  S ( n ) - f i b e r i n g ,  G n  ~ Gn is induced by the n a t u r a l  r e p r e s e n t a t i o n  
B(n) --* S(n).  

1.2. We have a l so  the  n a t u r a l  r e p r e s e n t a t i o n  of  the  g roup  S(n) in the  group  O(r0 : the  t r a n s f o r m a t i o n  
Rn ~ R n, inducing  a p e r m u t a t i o n  s :  {1 . . . . .  n} ~ {1 . . . . .  n},  conduc t s  the  k - t h  v e c t o r  of  the  s t a n d a r d  
b a s i s  of  the s p a c e  R n to the s ( k ) - t h .  The  group  O(n) can  be c o n s i d e r e d  a s  a s u b g r o u p  of  the  group  U(n). 
We ob ta in  the  d e s i r e d  h o m o m o r p h i s m s  

B (n) . . . .  S (n) --~ 0 (n) --> U (n), 

induc ing  m a p p i n g s  of the  c o r r e s p o n d i n g  c l a s s i f i e d  s p a c e s .  T h e r e  a r i s e  in p a r t i c u l a r  the  m a p p i n g s  Gn 
BO(n), Gn ~ BU(n). T h e s e  mapp ings  induce  o v e r  Gn, r e s p e c t i v e l y ,  a r e a l  v e c t o r  f i b e r i n g  ~n and a c o m p l e x  
f i b e r i n g  -~n, the  s e c o n d  of  which  is  a c o m p l e x i f i c a t i o n  of the f i r s t .  O b v i o u s l y ,  for  the  ma pp ing  G n  ~ Gn 
both t h e s e  f i b e r i n g s  t u r n  into the t r i v i a l  f i b e r i n g  o v e r  Gn" Hence  the c o m p l e t e  s p a c e s  of f i b e r i n g s  ~n, ~n 
a r e  ob ta ined  f r o m  Gn x R n, by f a e t o r i z a t i o n s  with r e s p e c t  to the  n a t u r a l  o p e r a t i o n s  of the g roup  S(n).  
Hence ,  i t  is  c l e a r  tha t  the  c o m p l e t e  s p a c e  of  f i b e r i n g s  ~n is the s e t  of u n o r d e r e d  s e t s  of  n p a i r s  (z i ,  x i ) ,  
w h e r e  z 1 . . . .  , Zn a r e  p a i r w i s e  d i f f e r e n t  c o m p l e x  n u m b e r s ,  x 1 . . . . .  Xn a r e  any  r e a l  n u m b e r s .  The  m a p -  
p ing  of  t h i s  s p a c e  to G n c o n s i s t s  in d i s c a r d i n g  f r o m  e a c h  p a i r  the  n u m b e r s  xi .  The  f i b e r i n g  ~n is d i f f e r -  
en t  f r o m  ~n only in the  fac t  tha t  the n u m b e r s  x i a r e  c o m p l e x .  

1.3. Our  p u r p o s e  is  to c a l c u l a t e  the r i n g  H*(B(n); Z2), i . e . ,  the r i n g  of c o h o m o l o g i e s  of  G n with  c o -  
e f f i c i en t s  in Z 2. As  wi l l  be shown,  th is  r i ng  i s  g e n e r a t e d  by the S t i fe l  c l a s s e s  of f i b e r i n g s  ~n, i . e . ,  the 
h o m o m o r p h i s m  H*(O(n); Z 2) ~ H*(B(n); Z2) is  an  e p i m o r p h i s m .  The f i b e r i n g  ~n a l s o  shows up a s  t r i v i a l ,  
i . e . ,  the h o m o m o r p h i s m  of the c o h o m o l o g i e s  of the g roup  U(n) in  the c o h o m o l o g i e s  of  the  g roup  B(n) is  
t r i v i a l  for  any  c o e f f i c i e n t s .  

~ 2 .  H O M O M O R P H I S M  O F  G R O U P  C O S  I N  T H E  U N I T A R Y  G R O U P  

We s t a r t  with the  s i m p l e s t :  with the s tudy  of  the  f i b e r i n g  ~n- 

2.1.  The  f i b e r i n g  ~n is  t r i v i a l .  

P r o o f .  I t  is  obvious  tha t  the  f i b e r i n g  gn i s  i s o m o r p h i c  to the  t a n g e n t i a l  f i b e r i n g  of  the  c o m p l e x  v a r i -  
e ty  G n.  The  l a t t e r  is  d i f f e o m o r p h i c  to a r e g i o n  of  s p a c e  C n and hence  p a r a l l e l i z e d  (the d i f f e o m o r p h i s m  of 
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the  v a r i e t y  Gn in the  c o m p l e t i o n  of  the " d i s c r i m i n a n t  s u r f a c e "  in  C n is  g iven  by  the f o r m u l a  {z 1 . . . . .  Zn~ --* 
(ai(z i . . . . .  Zn) . . . . .  an(Z 1 . . . . .  Zn)), w h e r e  a i . . . . .  a n a r e  the e l e m e n t a r y  s y m m e t r i c  p o l y n o m i a l s .  

2.2.  R e m a r k .  The  h o m o m o r p h i s m  H*(U(n); Z 2) ~ H*(S(n); Z 2) h e r e  is  by no m e a n s  t r i v i a l .  In f ac t ,  
the  O ( n ) - f i b e r i n g  o v e r  BS(n),  i nduced  by  the  m a p p i n g  S(n) -~ O(n) , i s  o b v i o u s l y  not o r i e n t e d ,  i . e . ,  i t s  f i r s t  
S t i f e I  c l a s s  W i is  d i f f e r e n t  f r o m  z e r o .  The f i r s t  C h e r n  c l a s s  of the  c o m p l e x i f i c a t i o n  o f  th i s  f i b e r i n g  is  c o m -  
p a r e d ,  modu lo  2,  wi th  the  s q u a r e  of th i s  c l a s s ,  s i n c e  W] be longs  to the  t r a n s f o r m  of  the  h o m o m o r p h i s m  of  
i n t e r e s t •  But the  e l e m e n t  W] i s  d i f f e r e n t  f r o m  z e r o  even  in H*(S(1); Z 2) = H* (Z~; Z2) and h e n c e  a l l  the  
m o r e  s o  in  H*(S(n); Z2). 

13. CELLULAR S U B D I V I S I O N  

3.1• We deno te  by G~ the  o n e - p o i n t  c o m p a c t i f i c a t i o n  o f  the  s p a c e  Gn. In v iew of the  p r e s e n c e  of  P o i n -  
c a r 6  i s o m o r p h i s m  H*(Gn; Z 2) = H . ( G ~ ;  Z 2) the p r o b l e m  of  c a l c u l a t i o n  of the  c o h o m o l o g i e s  of  the  s p a c e  Gn 
r e d u c e s  to the  p r o b l e m  of  c a l c u l a t i n g  the  c o h o m o l o g i e s  of  the  s p a c e  G~ .  In th i s  s e c t i o n  we c o n s t r u c t  a 
c e l l u l a r  s u b d i v i s i o n  of  the  s p a c e  G n . 

3 .2 .  Le t  m l ,  . . . ,  mk  be  n a t u r a l  n u m b e r s  whose  s u m  is  n. Denote  by  e ( m  i ,  . . . ,  mk) the  s u b s e t  of the  
s p a c e  Gn c o n s i s t i n g  of  p o i n t s  {z 1 . . . . .  Zn} E Gn, such  tha t  the  po in t s  z l . . . . .  z n of the p l ane  C l i e  on k 
p a i r w i s e  d i s t i n c t  l i n e s , w h e t  e ,  m o r e o v e r ,  m 1 po in t s  l i e  on the  f i r s t  l ine  ( r e a d i n g  f r o m  the lef t ) ,  m 2 on the 
s e c o n d ,  m s on the t h i r d ,  e t c .  I t  is  c l e a r  tha t  the  s e t s  e (m 1, . . . ,  mk) a r e  p a i r w i s e  n o n i n t e r s e c t i n g  and ,  in 
s u m ,  m a k e  up a l l  of  Ga• We p r e s c r i b e  a c e l l u l a r  s u b d i v i s i o n  of  the  s p a c e  G~ t ak ing  in the c e l l s  a l l  s e t s  

* • * . . 
e (m 1, . • . ,  mk) ~ Gn ~ Gn and the po in t  ~o E G n. The  d i m e n s i o n  of  the  c 'ell  e (m i . . . . .  mk) is  equa l  to n + k,  
and the  c h a r a c t e r i s t i c  m a p p i n g  a s s o c i a t e d  with  i t f  : I n + k  -* G~ i s  c o n s t r u c t e d  a s  fo l lows .  

L e t  R* be  a l ine  a u g m e n t e d  by the po in t s  -oo and oo, and l e t  Xr  be the s p a c e  of  rows (x I . . . . .  Xr), 
w h e r e  x 1 . . . .  , Xr E R* and x 1 -<. • • -< x r .  I t  is  c l e a r  tha t  the s p a c e  Xr is h o m e o m o r p h i c  to the r - d i m e n -  
s i o n a l  cube .  The  m a p p i n g f  : I n+k  = Xk × Xm i × • • • x Xmk ~ G~ we g ive  by  the f o r m u l a f [ ( x  1 . . . . .  Xk), 

(Xi l  . . . . .  Xlml) . . . . .  (Xkl . . . . .  Xkmk)] = {xl + ix l l  . . . . .  x i + i x i m  l . . . . .  xk + ixk 1 . . . . .  Xk + i x k m k } ,  
w h e r e , m o r e o v e r ,  the s e t  in b r a c e s  i s  t a k e n  equa l  to ~ E G*, if  a t  l e a s t  two n u m b e r s  co inc ide  o r  a t  l e a s t  one 
i s  equa l  to in f in i ty .  C l e a r l y f  h o m e o m o r p h i c a l l y  m a p s  Int(I n+k) on e (m I . . . . .  mk).  Th is  mapp ing  we take  
a s  c h a r a c t e r i z i n g  the m a p p i n g  c o r r e s p o n d i n g  to the  c e l l  e (m I . . . . .  mk) .  

3.3.  The c e i l s  of a c e l l u l a r  c o m p l e x  we iden t i fy  with def in i t e  chains,  in  the  c o m p l e x  of c e l l u l a r  cha ins  

wi th  c o e f f i c i e n t s  in Z 2. 

The b o u n d a r y  of  the  c h a i n  e (m 1 . . . . .  ink) E Cn+k(G~;  Z~) is  equa l  to  

k - - 1  

E c:i ( "  . . . . .  " - "  " " ' + "  " + :  . . . . .  
i = l  

P r o o f .  U n d e r  the m a p p i n g f  c o n s t r u c t e d  in P a r .  3.2 the  po in t  [(x i . . . . .  Xk), (xii  . . . . .  Xim 1) . . . . .  
(Xkl . . . . .  Xkmk)] EXk × X m  1 x . . .  × Xmk goes  o v e r  into a poin t  o f a  (n + k - 1 ) - d i m e n s i o n a l  c e l l  of  the  
s p a c e  G ~ i f  and only  i f  fo r  s o m e  i t h e r e  ho lds  xi  = x i + l ;  the n u m b e r s  x i l  . . . .  , Ximi ,  x i+l ,1 ,  • • . ,  x i + l , m i +  l 
a r e  a l l  p a i r w i s e  d i f f e r e n t  and a l l  n u m b e r s  xj a r e  f in i t e .  Such a po in t  goes  o v e r  to a po in t  of the  ce l l  e (m l ,  
• • . ,  m i -  l ,  m i  + m i + l ,  mi+2 ,  . . . .  ml0 ; the  r e s t r i c t i o n  o f  the  m a p p i n g f  to the  a p p r o p r i a t e  b o u n d a r y  of  the  

n + k  cube I a t  th i s  p o i n t  r e g u l a r l y  at  e ach  po in t  of  the  c e l l  e (m 1 . . . . .  m i -  l,  mi  + m i + l ,  mi+2 . . . . .  mk) 
s e r v e s  equa l l y  a s  the i m a g e  of  Cm. i . . . .  such  p o i n t s .  

LL~ 1 " r  1 ~  i ~-  1 " 

§ 4 .  A D D I T I V E  C O N S T R U C T I O N  O F  C O H O M O L O G I E S  

We beg in  by  compu t ing  c o h o m o l o g i e s  of  the  c o m p l e x  C. (G*;  Z2). 

4 .1.  A cha in  of  the c o m p l e x  C ,{G~;  Z 2) i s  c a l l e d  s y m m e t r i c  i f  the  c e l l s  e ( m  I . . . .  , mk) ,  e (ms( l )  . . . . .  
ms (k ) ) ,  (where  s is  a p e r m u t a t i o n  of  k e l e m e n t s )  e n t e r  into i t  with i d e n t i c a l  c o e f f i c i e n t s  fo r  any  m 1, . . . ,  
Ink, s .  The  c e l l  e ( m  l ,  . . . .  mk) i s  c a l l e d  a 2 - c e l l  i f  a l l  m i  a r e  b i n a r y  p o w e r s .  The  cha in  i s  c a l l e d  a 2 2 
c h a i n  i f  i t  i s  a s u m  of  2 - c e l l s .  

4.2.  E v e r y  s y m m e t r i c  2 - c h a i n  is  a c y c l e .  E v e r y  c y c l e  o f  the  c o m p l e x  C , ( G ~ ;  Z 2) i s  homologous  to a 
un ique  s y m m e t r i c  2 - c h a i n .  T h u s ,  the  g r a d u a t e d  group  H . ( G ~ ;  Z 2) i s  i s o m o r p h i c  to a s u b g r o u p  of the  
g r a d u a t e d  g roup  of  C . ( G * ;  Z2), c o n s i s t i n g  of  s y m m e t r i c  2 - c h a i n s .  
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This  t h e o r e m ,  comple t e ly  d e s c r i b i n g  the addi t ive  s t r u c t u r e  of the cohomolog ies  of the group B(n) with 
coef f ic ien ts  in  Z 2, i s  cove red  by the p roof  below of the a s s e r t i o n s  4 .4 -4 .7 ,where  m o r e o v e r  the ba s i c  diff i -  
cu l t i e s  l ie  in  the p roo f  of the l a s t  of them.  We beg in  with an  e l e m e n t a r y  a r i t h m e t i c  l e m m a .  

4.3. Let  s 1 . . . . .  s k be  p a i r w i s e  d i f fe ren t  nonnega t ive  i n t e g e r s .  The n u m b e r  c 22S 1+ . . .  + i l k  is odd if 

and only if s is conta ined  a m o n g  the s 1 . . . . .  Sk. 

Proof .  F r o m  the obvious  iden t i ty  (1 + x2)q -= (1 + x) 2q mod 2, i t  fol lows that  C ~  ---- C~ mod 2, "~2q~2r-1 =- 
0 mod 2. Suppose our  a s s e r t i o n  p roved  for  k < / ,  and  c o n s i d e r  the case  k = l.  We sha l l  suppose  that  s i  > 
• • • > s I. The re  a r e  two p o s s i b i l i t i e s .  

(1)s --< s l .  Then  C "°~ ----C ~ ~,+...+.,sl -- 2~,_s+ +~t - s  rood 2, a C ~ = 2 s'-s + 
.zs~--s.4_...+2Sl - - s  

S = S / .  

• .. -F2 ~ - s  is odd only for 

2s 2S--sl s--s l 
(2) S > S l .  Then  C ~ ---C . . . . . . .  rood2, and C d-~: 

~sl_k...+~ l - -  2 - - l - b . . . 3 v z  t - - l - -  l - k t  "zsl--sl-k. . .+2 s l - l - ~ l  - k l  = C2"st--Sl-~.. . .-[-2Sl--l-~l AV 

c~S-St _ ~ . S--~l 
2sl--Sl_~..._~_ ~l__l--sl ~ C : s l - S l  ~_..._~_2S/_l_S/ [nod 2. 

Now the n u m b e r  C ?-s~ ~y~-~ +...÷~t-~-~ by the induc t ion  hypo thes i s  is odd if  and only if s - s /  is  con ta ined  among  

s l - s  / . . . . .  s / - 1 - s / ,  i . e . ,  when s is conta ined  a mong  s~, . . . ,  Sl_ ~. The a s s e r t i o n  is p roved .  

4.4.  We r e t u r n  to the complex  C . (G~;  Z2). 

Eve ry  s y m m e t r i c  cha in  is  a cyc le .  

P roof .  If c is a s y m m e t r i c  (n + k ) - d i m e n s i o n a l  cha in  and the ce l l  e (mi  . . . .  , mk- i )  e n t e r s  in to  ac as 
, , . m _ 

a b o u n d a r y  ce l l  e(m 1 . . . . .  mi-1 ,  m~, m [ ,  m i + l  . . . . .  mk-1),  where  m i + m~ = mi ,  then  m i ~ m i , s i nce  C 2 m -  
m 2C2m_ 1 ~ 0 rood 2. T h e r e f o r e  the ce l l  e (m 1 . . . .  , ink-j)  e n t e r s  in to  8c a ga i n  as  a b o u n d a r y  ce l l  e (ml  . . . .  , 

mi-1,  m i ,  m~, mi+  1 . . . . .  mk_l) .  

4.5. A c h a i n , i f  it is  a b o u n d a r y , c o n t a i n s  no 2 - c e l l s .  In p a r t i c u l a r  two cha ins  which a r e  2 - c e l l s  a r e  
homologous  if  and only  if  they co inc ide .  

This  fol lows f rom the fac t  that  the n u m b e r  Ci2s is  even  for  0 < i < 2 s .  

4.6. If  a 2 - c h a i n  is  a cycle then  i t  is  s y m m e t r i c .  

P roof .  If the ce l l  e(m 1 . . . . .  m k -  1) e n t e r s  into the bounda ry  of an  (n + k ) - d i m e n s i o n a l  2 - c h a i n  then 
e v e r y  m i except  one  is a b i n a r y  power  and one is the s u m  of two d i f fe ren t  b i n a r y  powers  (d i f ferent  s ince  

c2S-I  .", 
~i ~, ~-,. 2 ~k_,). the n u m b e r  2s is a lways  even) ,  i . e . ,  e (m I . . . . .  m k -  1) = e(2 ~1, . . . .  2 ~- ' ,  2 ~ + 2 , 2 . . . .  , 

Such a ce l l  e n t e r s  into the bounda ry  of the two 2 - c e l l s :  e(2% . . . .  2 ~--', 2 ~, 2 ~I' 2 ~-'-', 2 ~k-') e(2 ~', 
s si 

2~z-' 2 ' 2 ~', 2~-i-~ 2~k-~) (the n u m b e r  C 2 , " is odd in  acco rd  with 4.3) Hence,  if  a 2 - c h a i n  is 
, , , . . . ,  . s i _ . s  i " 

a cyc le  then  the ce l l s  e(2 ~', ~i-~ ~z ~ 2~i ~ ~i ~ 2~_~) . . . .  2 , 2 , 2 ' ,  . . . . .  2~"-'), e(2 ~', . . . .  2 '~:- ' ,2 , 2 ,2~i=-~, . . . .  
e n t e r  o r  do not en t e r  it s i m u l t a n e o u s l y ,  i . e . ,  the 2 - c h a i n  is s y m m e t r i c .  

4.7. Eve ry  cyc le  homologous  to a cyc le  is  a 2 - cha in .  

Proof .  We sha l l  say  that  the ce l l  e (ml  . . . .  , mt0 has  o r d e r  l a r g e r  than s if m 1 . . . . .  m s a r e  b i n a r y  
p o w e r s .  

Le t  c be  a cyc le  a l l  of  whose  ce l l s  have d e g r e e s  l a r g e r  than s >-- 0. We show that  it  is homologous  to 
a cyc le  a l l  of whose ce l l s  have o r d e r s  l a r g e r  than s + 1. With this  ou r  a s s e r t i o n  wil l  be  d e m o n s t r a t e d .  

Choose f rom c t e r m s  of the f o r m  e(2ll ,  . . . .  2 l s ,  J, ms+2 . . . . .  mk),  where  j is not a b i n a r y  power .  
If we take the s u m  of a l l  such t e r m s  with fixed j ,  ms+2 . . . . .  ink,  e n t e r i n g  in  c,  and in each  of these  t e r m s  
we d i s c a r d  j ,  ms+2 ,  • • ,, ink,  then  we get an (n + s ) - d i m e n s i o n a l  2 - c h a i n  c ' .  As is e a s i l y  ve r i f i ed  f r o m  the 
fact  that  c is a cyc le ,  it follows that  c '  i s  a l so  a cyc le .  It t h e r e f o r e  follows f rom the p r e m i s e  of 4.6 that  the 
cha in  c is  r e p r e s e n t e d  in  the f o r m  of a s u m  of cha ins  of the f o r m  e([2ll  . . . . .  2/s] ,  j ,  ms+2 . . . . .  mk) (as the 
cha ins  a r e  denoted which a r i s e  f r o m  e(2/1 . . . . .  2 /s ,  J, ms+2 . . . . .  mk) by s y m m e t r i z a t i o n  with r e s p e c t  to 
2/! . . . . .  2/s) and the ce l l  is  of o r d e r  g r e a t e r  than  s + 1. 
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C l e a r l y ,  

0e(121', 2t~], ], m~+~ . . . . .  ink) 

V t . , l i  e(12t,, ~zi z~], ti /.~i_, z i . . . . . . .  2 ] - i -2  , m++_,, . ,  m~) : . . . ,  (1) 

w h e r e  the  s u m m a t i o n  ex t ends  o v e r  a l l  d i f f e r e n t / i ,  and " . . . "  r e f e r s  to a cha in  of  o r d e r  l a r g e r  than  s .  

Suppose  tha t  j = 2AI + . . .  + 2 k t .  Then the s u m  on the r i gh t  in Eq. (1) c a n  be  r e w r i t t e n  

~, e([2 l ' , . ~ i  i, 2~, , , m,+~ . . . . .  m+), (2) . . . .  , 2 ' 1 ,  . . .  -: '2~t u2 t i  

w h e r e  the s u m m a t i o n  ex t ends  o v e r  a l l  d i s t i n c t  l i  not  con ta ined  among  Xl, • • ", ht  ( see  (4.3).  The  c e l l s  e n t e r -  
ing into th i s  s u m  m a y  be  r e d u c e d  on 8c only  with c e l l s  e n t e r i n g  in cha ins  of  the  b o u n d a r y  e([2/t  . . . . .  2 l§ ' ] ,  

t 

i , ! T f . . 

• 2 ~' ! . . .  -7 2 ~' ,  m s +  2, • • . ,  ink) in  which  the  s e t  {l~ . . . . .  / s ' ,  ~I . . . . .  ~ t ' } c o m c t d e s u p t o  o r d e r  wi th  the  
s e t  ~ t  . . . . .  I s ,  ~t 1 . . . . .  k t} .  Denote  the  l a t t e r  s e t  by  L and by c* the s u m  of  the cha ins  of  the  g iven  f o r m  
e n t e r i n g  into c .  A m o n g  the n u m b e r s  of  the  s e t  L s o m e  can  be equal  but  p of  t h e m  a r e  d i f f e r e n t , w h e r e  
t -< p -< t + s .  The  d i f f e r e n t  n u m b e r s  of  the  s e t  L we denote  by  ~1 . . . .  , /Zp. F o r  1 -< i! < . . .  < i t --< p we s e t  

E ( i ,  . . . . .  i t ) = e ( [ 2  t ' ,  . . . .  2/~1, 2~ti' i- 2 J~it, m+_'-+. . . . . .  tnt,,), (3) 

w h e r e  I i ,  . . . ,  l s  a r e  n u m b e r s  which  r e m a i n  in the  s e t  L i f  we e l i m i n a t e  f r o m  it t n u m b e r s  p i t  . . . . .  tq t .  
I den t i fy ing  E(i 1 . . . . .  it) wi th  the  ( t - D - d i m e n s i o n a l  b o u n d a r y  of the  ( p - D - d i m e n s i o n a l  s i m p l e x ,  we can  
r e p r e s e n t  c* a s  the  ( p - 1 ) - d i m e n s i o n a l  r i n g  of t h e s e  s i m p l e x e s  wi th  c oe f f i c i e n t s  in  Z 2. Us ing  Eq.  (2) we 
a r r i v e  a t  the  c o n c l u s i o n  tha t  c*  is  the  r i n g  of  ( p - D - d i m e n s i o n a l  s i m p l e x e s .  S ince  the  s i m p l e x  is  a c y c l i c  
and s i n c e  t - 2, i t  fo l lows  t ha t  th is  r i n g  s e r v e s  a s  the  cobounda ry  of s o m e  ( t -  2) - d i m e n s i o n a l  r i n g  b,  i . e .  
a s  a l i n e a r  c o m b i n a t i o n  of the  s y m b o l s  E( j t  . . . . .  Jt-~). Each of t h e s e  s y m b o l s ,  l ike  t h e i r  l i n e a r  c o m b i n a t i o n  
b ,  in r e l a t i o n  to Eq.  (3) deno t e s  a n  (n + k - D - d i m e n s i o n a l  cha in  of  our  c o m p l e x .  The b o u n d a r y  o f  the  cha in  
b ,  up to  the  o r d e r  of  the c e l l s  l a r g e r  than  s + 1, c o i n c i d e s  with c*.  R e m o v i n g  f r o m  c the  bounciarv of  the 
cha in  b and a p p l y i n g  a s u i t a b l e  c o n s t r u c t i o n  s u f f i c i e n t l y  of ten  we ge t  a c y c l e  c o n s i s t i n g  of c y c l e s  of  o r d e r  
l a r g e r  than  s ,  h o m o l o g o u s  to the  c y c l e  c .  

T h e  A s s e r t i o n  4.7 is  p r o v e d  and  with  i t  T h e o r e m  4.2.  

4.8.  T h e o r e m  4.2 a long  with  the  P o i n c a r a  i s o m o r p h i s m  H*(Gn; Z 2) = H*{Gn; Z 2) p e r m i t s  us  to 
hand le  th ings  so  a s  to i nc lude  c o h o m o l o g i e s  of  the  g roup  COS. 

The  r a n k  of  the  group  Hk(B(n); Z 2) i s  equa l  to the  n u m b e r  of ways  in which the n u m b e r  n can  be  
r e p r e s e n t e d  as  the  s u m  of  n - k  b i n a r y  p o w e r s  (among t h e s e  b i n a r y  p o w e r s  t h e r e  cart be  c o i n c i d e n c e s ;  
r e p r e s e n t a t i o n s  d i f f e r i n g  only  in the o r d e r  of  t e r m s  a r e  c o n s i d e r e d  i d e n t i c a l ) .  

G e n e r a t o r s  of  the  g roup  Hk(B(n) ; Z2) we s h a l l  iden t i fy  wi th  p a r t i t i o n s  of  the  n u m b e r  n a s  a s u m  of  
n - k  p o w e r s  of  two.  In no ta t ion :  < 2l l  . . . . .  2 i n - k >  E H k (B(n); Zz). ( O r d i n a r i l y  we sha l l  c o n s i d e r  tha t  

l l - - . . - / n - k . )  

4.9.  We in t roduce  an a s s e r t i o n  of  i m p o r t a n c e  fo r  the  s e que l .  

The  g roup  HS(B(n); Z 2) is  t r i v i a l *  f o r  s - n .  The  group  Hn-l (B(n) ;  Z 2) i s  t r i v i a l  if n is  not  a b i n a r y  
p o w e r  and i s  g e n e r a t e d  un ique ly  by  the  g e n e r a t o r  a n = <n> ,  if n is  a b i n a r y  p o w e r .  

§5. HOMOMORPHISM OF THE GROUP COS IN AN ORTHOGONAL GROUP 

The cellular subdivision of the space G* constructed by us is suitable for an easy description of the 

Stifel class of the fibering ~n. 

5.1. The Stifel class W k of smooth n-dimensional vector fiberings over a smooth variety can be de- 

s c r i b e d  thus :  n - k  c r o s s  s e c t i o n s  of  th i s  f i b e r i n g  a r e  c o n s t r u c t e d ,  ly ing  in  g e n e r a l  p o s i t i o n ,  and the s e t  of  
a l l  b a s e  po in t s  is  t a k e n  on which  the v e c t o r s  of t h e s e  c r o s s  s e c t i o n s  l i n e a r l y  depend .  Th i s  s e t  of a c y c l e  
p a s s e s  o v e r  fo r  a P o i n e a r e  i s o m o r p h i s m ,  to the  k - t h  St i fe l  c l a s s .  

The  c r o s s  s e c t i o n  of  the  f i b e r i n g  ~n i s  tha t  funct ion  r e l a t i n g  the  u n o r d e r e d  s e t  {z 1 . . . . .  zn} of p a i r -  
w i s e  d i s t i n c t  c o m p l e x  n u m b e r s  of the  u n o r d e r e d  s e t  {(z t, x 1) . . . . .  (Zn, xn)} with  the s a m e  zi  and  r e a l  x i .  

*This fact is contained in [I]. 
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We f o r m  n - k  c r o s s  s ec t ions  of the f i be r ing  ~n put t ing  

~i{zl . . . . .  z.} = {(zl, (Rezl) i - ' )  . . . . .  (z,, ,  (Rez.)i-1)} (i - 1, . . . ,  n - -  k ) .  

It is e a sy  to ve r i fy  g e n e r a l i t y  of pos i t i on  of these  c r o s s  s e c t i ons .  These  c r o s s  s ec t ions  depend l i n e a r l y  on 

the poin ts  {z 1 . . . . .  Zn} E Gn if and only if the re  ex i s t  r e a l  n u m b e r s  a 1 . . . . .  an_  k such that  

a, (t~ezs) n-k-~ -i . . . . .  -i a,~_~_, l~ez s -i- a~_~ = 0 

for j = 1 . . . . .  n ,  i . e . ,  i f  among  the n u m b e r s  Re z 1 . . . . .  Re Zn not more  than  n - k  a r e  d i f f e ren t ,  i . e . ,  if  the 
poin ts  z 1 . . . .  , Zn E C lie on n - k  v e r t i c a l  l i ne s .  

We a r r i v e  a t  that  conc lus ion .  Under  the P o i n c a r 6  Wk i s o m o r p h i s m  t he r e  a r i s e s  a cycle  c o n s i s t i n g  
of al l  ( 2 n - k ) - d i m e n s i o n a l  ce l l s  of the space  G~. 

5.2.  F r o m  the A s s e r t i o n  4.5 and T h e o r e m  4.7 it fol lows that  e v e r y  cycle  of our  complex  is homologous 
to a s u m  of g e n e r a t o r s  in  i t s  2 - c e l l s .  T h e r e f o r e  the d e m o n s t r a t e d  a s s e r t i o n  shows that  the c l a s s  Wk 
p a s s e s  ove r  u n d e r  the P o i n c a r 6  i s o m o r p h i s m  to a cyc le  equal  to a s u m  of a l l  ( 2 n - k ) - d i m e n s i o n a l  2 - c e l l s .  
Applying  T h e o r e m  4.2 and R e m a r k  4.8 we a r r i v e  a t  the ind ica ted  r e s u l t .  

The Stifel  c l a s s  Wk E Hk(B(n); Z 2) is  equa l  to the s u m  of a l l  e l e m e n t s  of ou r  chosen  ba s i s  in  
Hk(B(n) ; Z2). 

5.3. If k --< n - s ,  where s is the number of units in the binary description of the number n, then 
Wk ~ 0; i f k > n - s ,  thenW k =0. In particular, Wn_ I # 0 if and only i f n i s  a binary power. 

This follows from 5.2, 4.8, and 4.9. 

§6. S T A B I L I Z A T I O N  

6.1. The natural imbedding B(n) -* B(n + I) induces a homotopic class of mappings G n ~ Gn+l, one 
of which can be described thus : from the points zl . . . . .  Zn E C, we construct the point {z I . . . . .  zr~ of the 
space Gn, supplemented by the point z + R + 1 E C, where z is the arithmetic mean of the numbers z i . . . . .  
Zn, and R is the maximum of the numbers Iz -z i I ;  there is produced a point of the space Gn+l. Under the 
construction of the imbedding cp: Gn ~ Gn+l a marked point goes into a marked point and the cell e(ml, 
. . . .  m k) regularly maps into the cell e(m I . . . . .  mk, 1), i.e., if c c G n is a compact cycle then the index 
of the intersection of the cycle q~(c) with the cell e(m I . . . . .  mk+ I) is equal to zero for mk+l > 1 and is equal 
to the index of the intersection of the cycle c with e(m I . . . . .  ink) for mk+l = 1. From this observation and 
the definition of Poinear~ isomorphism we get the following assertion. 

The homomorphism q~: H*(B(n + 1); Z 2) -~ H*(B(n); Z 2) carries <2/I . . . . .  2/S>to 0 for Is >0 and 
to < 2/I, . . .~ 2/s-l> for I s = 0. 

6.2. The homomorphism q~ * is an epimorphism. 

This follows from the preceding assertion. 

6.3. I f n  is even then the homomorphism q~*: H*(B(n + i); Z 2) ~ H*(B(n); Z 2) is an isomorphism.~ 

Proof. In the decomposition of an odd number (here n + 1) as a sum of binary powers there explicitly 
e n t e r s  1 = 2  ~ .  

,." .,z z ". 

i/ oZ3 7 

t ®z4 l i 
/ 

('z=4) 

Fig. 1 

6.4.  I f k  -< n / 2 ,  then the h o m o m o r p h i s m  ~* :  Hk(B(n + 1); Z 2) 
Hk(B(n); Z 2) is  an  i s o m o r p h i s m . $  

Proof .  In the d e c o m p o s i t i o n  of the n u m b e r  n +1 as a s u m  of n + 1 b i -  
n a r y  powers  the re  exp l i c i t ly  e n t e r s  1 = 2 °. 

6.5.  On the s t r eng th  of  A s s e r t i o n  6.4 the g roups  H k (B(n); Z2) for 
f ixed k and for n >- 2k a r e  c a n o n i c a l l y  i s o m o r p h i c  ( independent ly  of n). Put  

H*(B(~o); Z 2 = H*(B(2k); Z2). The g radua ted  group H*(B(~o); Z2) is r e p r e s e n t -  
ab le  as  a group of cohomolog ies  of the space  G~o def ined a s  the d i r e c t  l i m i t  of 
of the sequence  

~]?his a s s e r t i o n  is  p roved  in [1]. 
SThis a s s e r t i o n  is  p roved  in  [1]. 
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c~ -> G.~-> ~.+ . . . . . . . .  

We r e c a l l  tha t  H*(B(~);  Z2) is  a g r a d u a t e d  r i n g .  F o r  each  n t h e r e  ho lds  a r i n g  o f  e p i m o r p h i s m s  H*(B(~);  
Z~) ~ H*(B(n); Z2), s i n c e  knowing  m u l t i p l i c a t i o n  in H*(B(~); Z2), we can  compu te  i t  in H*(B(n); Z~). 

The  add i t i ve  b a s i s  in H*(B(~)', Z 2) m a k e s  up the c o l l e c t i o n  < 2 l l ,  . .  ., 2 ?s > ,where  s - > 0, l 1 - . . . -  > > 

/ s > 0 .  

H e r e  d i m  <2/1,  . , . ,  2 l s >  = 2/1 + . . .  + 2 / s - s ,  and for  the e p i m o r p h i s m  H*(B(~o):; Z 2) ~ H*(B(n); Z 2) 
t he  e l e m e n t  < 2 l l  . . . .  , 2 / s >  p a s s e s  o v e r  into 0 i f  and  on ly  i f  2/1 + . . .  + 2/s  > n. 

§ 7 .  HOPF ALGEBRA 

7.1. The natural imbedding B(m) × B(n) -+ B(m + n) induces a homotopical class of mappings Gm × 

Cm -+ Gm+n, one of which can be expressed as follows. The point ({z I ..... Zm}, {w i ..... Wn} E Gm × Gn 
passes over into the point {z I, . .., z m, w I + a,..., Wn +a}, where a = z-w + R I + R 2 + I, and where in 

its turn z is the arithmetic mean of z D . .., zm; w is the arithmetic mean of the numbers w 1 ..... Wn; 

R! is the largest of the numbers I z-zil; R 2 is the largest of the numbers Iw-wil, Under the construction 

of the imbedding ~: Gm × Gn --* Gm+n a marked point goes over to a marked point, and the product e(m i, 
! 

• •., mk)× e(m~, . .., m/') regularly maps into the cell e(m i ..... mk, ml, .... n~). It is obvious that the 

diagram 

6m "/. Gn - - - *  6m+, 
$ N a . + . + ,  

6,,÷, x6~+, --~ a ,+, ,+. /"  

i s  h o m o t o p i c a l l y  c o m m u t a t i v e  s i n c e  the h o m o m o r p h i s m  ~*: H*(B(m + n); Z 2) --* H*(B(m); Z 2 @ H*(B(n); 
Z~) wi th  i n c r e a s i n g  m a n d  n i s  s t a b i l i z e d  and c o n v e r t e d  into the h o m o m o r p h i s m  A: H*(B(~o); Z2) -* H*(B(~) ;  
Z 2 @ H*(B(~);  Z~. 

7 .2 .  S i m p l e  c a l c u l a t i o n s  wi th  the  i n d i c e s  o f  the  i n t e r s e c t i o n ,  ana logous  to t h o s e  conduc ted  in P a r .  6.1,  

l e ad  us  to  the  f o r m u l a  
t 

A (2 t', . . . .  2 ~s ) = I ® ( 2  t', . . . .  2 's) 

+ Z ((2t4, . . . .  2tiu) @ (2th, . . . .  2th')) ÷ (2t', . . . .  2t+) ® 1, (4) 

w h e r e  the  s u m m a t i o n  ex t ends  to a l l  d i f f e r e n t  p a r t i t i o n s  of  the  s e t  11 . . . . .  I s into two n o n e m p t y  s e t s .  ( F o r  
e x a m p l e  A< 2 ,2> = 1 @ < 2 , 2 >  + < 2> < 2,2>@ 1.) 

7 .3 .  A s  i s  r e a d i l y  v e r i f i e d ,  the  r i n g  H*(B(oo); Z 2) is  equ ipped  with  a h o m o m o r p h i s m  A c o n s t i t u t i n g  a 
Hop ,  a l g e b r a  o v e r  the f i e ld  Z 2. E s s e n t i a l  for  us  in the s e q u e l  w i l l  be only  the  m u l t i p l i c a t i v e n e s s  of  the  

h o m o m o r p h i s m  A: i t  is  u s e d  to c o m p u t e  p r o d u c t s  in  H*(B(~o); Z2). 

§ 8 .  

The  a s s e r t i o n  to be  d e m o n s t r a t e d  in 

/ \ 

,~ /?t ----+ z I ' °  % * 
I I ! 

/ \ I 

(~ ,=4  .=32 

Fig .  2 

A G E O M E T R I C  L E M M A  

this  s e c t i o n  wi l l  be u s e d  in the  p r o o f  of  T h e o r e m  9.1.  

8.1.  An e l e m e n t  a n  E H2n-l(B(2n); Z2) is  not  r e p r e s e n t -  
a b l e  a s  a p r o d u c t  of e l e m e n t s  of  p o s i t i v e  d i m e n s i o n s .  

P r o o f .  Suppose  N = 2 n.  We s h a l l  beg in  wi th  the  fac t  tha t  
the  i m b e d d i n g  in G N of  a s m o o t h  c o m p a c t  ( N - 1 ) - d i m e n s i o n a l  
v a r i e t y  M in which a n c a r v e s  out  an  ( N - 1 } d i m e n s i o n a l  c l a s s  

of  c o h o m o l o g i e s  modulo  2 d i f f e r e n t  f r o m  z e r o .  

Draw in the p l ane  C a c i r c l e  of r a d i u s  1 wi th  c e n t e r  a t  
the  po in t  0 and m a r k  on i t  two d i a m e t r i c a l l y  o p p o s i t e  po in t s  A 1 
and  A 2. F u r t h e r  d r a w  c i r c l e s  of  a s m a l t  r a d i u s  e wi th  c e n t e r s  
a t  po in t s  A 1 and A 2 and m a r k  on each  of t h e m  a p a i r  of  d i a m e t r i -  
c a l l y  o p p o s i t e  po in t s :  on the f i r s t ,  A n and A12, and  on the  s econd ,  
A21 and A n .  Then  d r a w  c i r c l e s  of r a d i u s  e2 and  c e n t e r  a t  e ach  
of  t h e s e  four  po in t s  and in each  of  t h e s e  m a r k  a p a i r  of d i a m e t r i -  
c a l l y  oppos i t e  po in t s  A l l  l ,  . . . ,  A22 z. P r o d u c i n g  the  c o n s t r u c t i o n  
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f u r t h e r ,  a n a l o g o u s l y ,  we obta in  2 n p a i r w i s e  d i s t i n c t  p o i n t s  Air . . .  i n ( i s  = 1 o r  2), i . e . ,  po in t s  of a s p a c e  GN. 
The s e t  of a l l  po in t s  o f  the s p a c e  G N which  can  be  ob t a ined  in  th is  way  we denote  by Mn = M. C l e a r l y  Mn 
is  an  ( N - D - d i m e n s i o n a l  s m o o t h  v a r i e t y .  It is  ob ta ined  f r o m  a p r o d u c t  Mn-1 × Mn-1 × S 1 by  iden t i fy ing  
(x, y ,  z) = (y,  ×, - z ) ,  i . e . ,  i t  i s  r e p r e s e n t e d  a s  a s p a c e  of s m o o t h  f i b e r i n g  with  b a s i s  S 1 and f i b e r s  Mn-~ × 

Mn-1. When n > 1 the  v a r i e t y  Mn is n o n o r i e n t e d .  

The v a r i e t y  Mn i n t e r s e c t s  the s e t  e(2 n) ~ GN in one po in t  ( c o m p i l e d  by  N p u r e  i m a g i n a r y  c o m p l e x  
n u m b e r s ) .  Th i s  i n t e r s e c t i o n  is  t r a n s v e r s a l  s i n c e  the  e l e m e n t  0/n = < 2n> E HN-I(GN; Z2) p a s s e s  o v e r  under  
the h o m o m o r p h i s m  i n d i c a t e d  by  the i m b e d d i n g  M ~ GN, to the g e n e r a t o r  of  the  g roup  HN-I(M; Z 2) = Z 2. 

I t  wi l l  be enough to p r o v e  tha t  the p r o d u c t  of a r b i t r a r y  c l a s s e s  of c o h o m o l o g i e s  of the  v a r i e t y  M with  
c o m p l e m e n t s  of  p o s i t i v e  d i m e n s i o n s ,  g e n e r a t e d  in the f o r m  of the h o m o m o r p h i s m  H*(GN; Z 2) --~ H*(M; Z2), 
is  equa l  to z e r o .  

The h o m o l o g i e s  of the v a r i e t y  M a r e  r e a d i l y  d e t e r m i n e d  f r o m  the c e l l u l a r  d e c o m p o s i t i o n  o r  f r o m  the 
cha in  of  s p e c t r a l  s e q u e n c e s .  The  b a s i s  of  t h e s e  h o m o l o g i e s  i s  d e s c r i b a b l e  as  fo l lows .  L e t  F be any  s u b s e t  
of the s e t s  c o n s i s t i n g  of  the s y m b o l s  c~, ~1, 0/3/2, O/11, 0/12, 0/21, Ot22 . . . .  , a ~  . . . . .  a~2.  Denote  by  e(F) the  s u b -  

n - - I  t / - -1  

s e t  of v a r i e t i e s  M c o n s i s t i n g  of  po in t s  in whose  c o n s t r u c t i o n  t h e r e  was  fu l f i l l ed  the  cond i t ion :  if  0/if . . .i k E 

F, then  the po in t s  All"  . . ikl ,  Ai  1. • .ik2 l i e  on the l ine  p a r a l l e l  to the  l ine  x = y .  I t  i s  e a s y  to check  tha t  each  
of  the s e t s  c(F)  is a c y c l e  (mod 2) of  the  v a r i e t y  M. C o d i m e n s i o n a l i t y  of the  c y c l e  c(F)  in M is  equal  to the 
n u m b e r  of  e l e m e n t s  of  the  s e t  F.  Some  of  the c y c l e s  c (F)  c o i n c i d e :  if  0/il" . . ik ~ F ,  then  c(F) does  not  
change  if  in F we r e p l a c e  0/it . . . i k l j l . . . j l  b y  0/il" . .ik2jl" . .Jl for  a l l  Ji • • • Jl ,  and c o n v e r s e l y .  C y c l e s  not 
p a s s i n g  o v e r  into each  o t h e r  u n d e r  tha t  i d e n t i f i c a t i o n  cons t i t u t e  a b a s i s  of  h o m o l o g i e s  of M. 

The  index of  the i n t e r s e c t i o n  o f  c y c l e s  c ( F  1) and c ( F 2 )  is  equal  to 1 i f  and only if c ( F  2) = c ( F ; ) ,  w h e r e  
FI* is  the c o m p l e m e n t  of  the  s e t  F 1. We show tha t  i f  the  s e t s  F and F *  a r e  nonempty ,  then  e i t h e r  c(F)  ~ 0, 
o r  c ( F * )  ~ 0 in G N, which  wi l l  p r o v e  ou r  a s s e r t i o n .  

The  s e t s  c(F)  a r e  not a l l  v a r i e t i e s  but  they  c a n  be  c o n s i d e r e d  as  a kind of v a r i e t y  u n d e r  s m o o t h  
m a p p i n g s .  Se l f  i n t e r s e c t i o n s  can  a r i s e  j u s t  a s  in  the  s i t u a t i o n  w h e r e  the  s e g m e n t  A l l  . . . ik l  A l l .  • .ik2 is 
p a r a l l e l  to the  l ine x = y a l though 0/il . . . ik ~ F.  

In each  c y c l e  c(F)  t h e r e  o p e r a t e  two t r a n s f o r m a t i o n s  of  p e r i o d  2: the f i r s t ,  fo r  0/ii . . . ik ~ F,  r e f l e c t s  
a l l  po in t s  Ai 1. . . ik j i .  • . Jn -k  in the  h o r i z o n t a l  l ine  d r a w n  th rough  the po in t  A l l . . . i k ,  and the s e c o n d  fo r  

o~i 1. . . ik ~ F i n t e r c h a n g e s  A l l . . . i k l j l "  . . j n - k - I  wi th  A l l . . . i k 2 j l "  . .Jn_k_1° We s t r e s s  that  t h i s  t r a n s f o r m a -  
t ion  can  " d i s p e r s e "  the  s e l f - i n t e r s e c t i o n s  of the c y c l e s  c ( F ) .  The i n t e r s e c t i o n s  of the  s e t  c(F)  wi th  the c e l l s  
of the  s p a c e  GN a r e  i n v a r i a n t  with r e s p e c t  to the f i r s t  t r a n s f o r m a t i o n ,  and those  of t h e m  which  do not move  
d u r i n g  the f i r s t  t r a n s f o r m a t i o n  a r e  i n v a r i a n t  with r e s p e c t  to the  s e c o n d .  Hence ,  i f  in the  c y c l e  c(F) t h e r e  
a r e  no po in t s  p a s s i n g  o v e r  into t h e m s e l v e s  u n d e r  both t r a n s f o r m a t i o n s  then  the  index  of  the  i n t e r s e c t i o n  of 
the  c y c l e  c(F)  with any  o f  the  c y c l e s  c h o s e n  by  us  in  GN i s  equa l  to z e r o , w h i c h  i s  to s a y  such  c y c l e s  a r e  
homologous  to z e r o  in GN. We ca l l  a s e t  F s y m m e t r i c  i f  f r o m  o t i l . . . i  k ~ F fo l lows  that  n i l "  . . ikl j l"  . .J l '  
0/ii" • "ik2jl. • .jl  f o r  any Jl . . . . .  Jl e i t h e r  a l l  be long  o r  a l l  do not be long  to the s e t  F.  I t  i s  e a s y  to deduce  

f r o m  the above  tha t  if  c(F)  ~ 0 in GN then c(F) = c ( F ' ) ,  w h e r e  

/z,.z e,z 3,z,,,z~,z6,zT,zs/ es e 

Aze=ze ~ ~ e  

Fig .  3 

the  s e t  F '  is  s y m m e t r i z e d .  Hence i t  fo l lows tha t  i f  c(F)  ~ 0 and 
c(F*)  ~- 0, then  the  s e t  F is  c o n s t r u c t e d  in  the fo l lowing way:  
i f  ~ i l  . . . ik E F ,  then a l l  ~ wi th  k i nd i ces  be long  to F.  It r e m a i n s  
fo r  us  to show tha t  i f  F is a nonempty  se t  s a t i s f y i n g  th i s  c o n d i -  
t ion  and0 /  ~ F ,  t h e n c ( F )  ~ 0  i n G N .  

We f i r s t  r e m a r k  tha t  c(~0/i, 0/2}) ~ 0 in G 4. Indeed ,  th is  is 
the  one d i m e n s i o n a l  c y c l e  def in ing  in lr1(G 4) = 134 a c r o s s  r e p r e -  
s e n t e d  in  F ig .  4 (we t r a n s f e r  m a r k i n g s  f r o m  po in t  to po in t  

f,t+~)(t+i) ( l - ~ ) ( t + i )  ( - ,+~)( l~- i )  ( - - , - ~ ) ( t + i ) / ~ ;  
in i / 

Hi(G4; Z) = Z it r e p r e s e n t s  the  e l e m e n t  4 and in Hi(G4; Zz),zero. 
We fix  the cha in  b ~  G 4, to which  the c y c l e  c({ot i, or2}) is  l i m i t e d  
modulo  2. 
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Fig.  4 

If F = {a,..., . . . . .  a2..2 . . . .  } is a se t  of the cons ide red  fo rm then we c o n s t r u c t  
k - - 1  k--l 

the cha in  B as  fol lows.  The points  A l l . . . i k  a r e  c o n s t r u c t e d  jus t  as in the c o n s t r u c -  
t ion  of a r b i t r a r y  points  of the va r i e t y  M. Four  poin ts  Ail" . . i kn ,  All .  • .ikl2, 
Ai 1. • .ik21, Ai I. . .ik22 a r e  chosen  f rom which for the lowest  of the points  Ail  . . .i k 
s i m i l a r l y ,  four po in t s ,  c o m p r i s i n g  the cha in  b (if the re  is no "lowest"  then we take 
one c lose  to t hem al l ) ,  and for  the  r e m a i n i n g  poin ts  A i l  . . .ik four poin ts  Ai i  ' . . ikl l ,  

Ai l .  • .iki2, Ai 2. . .ik21, Ai 1. . .ik22 a r e  chosen  as  in the c o n s t r u c t i o n  of the cycle  
c (F) .  The subsequen t  c o n s t r u c t i o n  is conducted as  in the c o n s t r u c t i o n  of the cycle  
c (F) .  The se t  obta ined B ~ GN, and it is a chain  whose boundary  (mod 2) is e (F) .  

§ 9 .  M U L T I P L I C A T I V E  C O N S T R U C T I O N  O F  C O H O M O L O G I E S  O F  T H E  G R O U P  C O S  

9.1.  The fol lowing f o r m u l a  holds.' 

<2",.  2", 2, 2> ,-'2", 2", 2, 2) 
k m k~ [m 11 

ram+ 2 m, . .  = C  ~ .  ',k,+~,\-"k' "'~" . . . . . . . . . .  2, . , 2 ) .  (5) 

Proof .  It is conven ien t ,  ins tead  of the r ing  H*(B(oo); Z 2) with m u l t i p l i e r  # : H*(B(~o); Z 2) ® H*(B(oo); 
Z 2 ~ H*(B(~o); Z 2) and " c o m u l t i p l i e r "  ~ : H*(B(~o); Z 2 ~ H*(B(oo); Z 2 ® H*(B(oo); Z 2) to c o n s i d e r  the con -  
jugate  r i ng  F = Hom(H*(B(~o); Z 2) , Z 2) with m u l t i p l i e r  A, : F ® F ~ F and comul t ip l ier /~ ' . ' .  F --- F ® F. 
We c o n s i d e r  a b a s i s  in F con juga te  to the bas i s  in  H*(B(~o); Z2) , c o n s i s t i n g  of e l e m e n t s  < 2/I, . . . ,  21s> ; 

. . . .  4 the e l e m e n t  of the conjugate  b a s i s  dual  to ~2 . . . .  ,2  . . . . .  2 . . . . .  2), we denote  by i . . . x . This  no-  

ta t ion  is  jus t i f i ed  by  the fact,  as  follows f rom Eq. (4), that the mapping  A, t r a n s l a t e s  (xkl ° . . x km) ® 

(x/ll Im x k l + l l  m • . . x m ) to . . . x k m + / m ,  i . e . ,  F ac tua l l y  is a r ing  of po l ynomi a l s  in  the g e n e r a t o r s  xl ,  x 2 . . . . .  
where  m o r e o v e r  the d i m e n s i o n  of  the g e n e r a t o r  x m is equal  to 2 m -  1. F r o m  A s s u m p t i o n  8.1 it follows 
that  

V' (Xm) = l @ xm + xm Q l. (6) 

Indeed,  F o r m u l a  (6) ind ica tes  that  the c l a s s  of cohomologies  <2m> ~ H2m-l(B(~o); Z2 ) does not  r educe  to a 
p roduc t  of e l e m e n t s  of l e s s e r  pos i t i ve  d i m e n s i o n  ( i .e . ,  that  al l  such  p roduc t s  Pn~esent t h e m s e l v e s  as  s u m s  
of g e n e r a t o r s  d i f f e r en t  f r o m  < 2m>) .  But s ince  a l l  g e n e r a t o r s  of the group H 2 -l(B(~o); Z2) , except  < 2 m > ,  
p a s s  ove r  into z e r o  u n d e r  the h o m o m o r p h i s m  H2m-l(B(oo); Z 2 ~ H2m-l(B(2m); Z~), it follows that  the 

l a t t e r  was an  ind ica t ion  that  the e l e m e n t  < 2 m> E H2m-l(B(2m); Z 2) d e c o m p o s e s  into fac to rs  of pos i t ive  
d i m e n s i o n ,  thus c o n t r a d i c t i n g  A s s e r t i o n  8.1. Us ing  the m u l t i p l i c a t i v e n e s s  of the mapp ing  g ' ,  we get f rom (6) : 

x,. j . . .  ~ ) ® (x ,  ~ ' - ' '  
• • • = . . . .  Xm ). 

O~<]s ~</¢s ;s=l,..., m 

F o r m u l a  (5) is deduced f rom the las t  equa l i ty  au toma t i ca l l y :  it  is suf f ic ien t  to t r a n s p o s e  the m a t r i x  of the 
mapp ing  # ' .  

m t n  • 9.2.  The r i ng  H*(B(oo); Z 2) is gene ra t e d  by the g e n e r a t o r s  am, ~ := <2 , . . . ,  2 /. These  g e n e r a t o r s  
~k 

a r e  connected ,  be s ide s  the u sua l  r e l a t i ons  of a n t i c o m m u t a t i v i t y ,  only by  the r e l a t i o n  a ~ ,  k = 0. The 
dimensional i t3r  of the mapping  a m,k  is equal  to 2k(2 m -  1). 

This  follows f rom Eq. (5). 

9.3.  The r i n g  H*(B(n); Z 2) we get  f rom H*(B(~o); Z 2) cove r ing  the c o m p l e m e n t a r y  r e l a t i ons  a m i , k  1 

• • . a r e s , k s  = 0 ,whe re  

This  follows f rom the p r e v i o u s  t h e o r e m  and f r o m  4.8. 

9.4.  The h o m o m o r p h i s m  H*(O(oo); Z 2) ~ H*(B(oo); Z 2) is  an e p i m o r p h i s m .  
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Proof .  It follows f r o m  9.2 that  in e v e r y  d imens ion  the r ing  H*(B(~o); Z 2) has not m o r e  than one mul -  
t ip l ica t ive  g e n e r a t o r .  If al l  mul t ip l ica t ive  g e n e r a t o r s  having d imens ion  l e s s  than d im  a m ,  k a r e  e x p r e s s e d  
by means  of  Stifel c l a s s e s  of  f iber ings  ~n, then the s a m e  would be t rue  for  a m ,  k s ince  the sum of  all  add i -  
t ive g e n e r a t o r s  of the g roup  H2k(2m-1)(B(oo); Z2) is W2k(2m_i) (see sec t ion  5.2). 

9.5. The h o m o m o r p h i s m  H*(O(n); Z 2) ~ H*(B(n); Z 2) is an e p i m o r p h i s m  for  e v e r y  n. 

T h e r e  follows f r o m  T h e o r e m  9.4 the commuta t ive  d i a g r a m  

H ~ (0 (~); Z_,) ~-~ H' (B (2);  Z~) 

H* (o (n); z~) --~ H* (B (~) ;  Z~) 

and the fact  that  fo r  k < n the h o m o m o r p h i s m  Hk(O(~o); Z 2) ~ Hk(O(n); Z 2) is an i s o m o r p h i s m ,  and,  fo r  
k >- n the group Hk(B(n); Z 2) is t r iv ia l .  

APPENDIX 

The cohomologies of the group O(n) have been thoroughly studied and therefore the epimorphic char- 

acter of the mapping H*(O(n); Z 2) ~ H*(B(n); Z 2) permits us to get a great variety of information concern- 

ing H*(B(n); Z2); for example this permits us even to calculate the action of Steenrod squares there. For 
example, calculating the action of the operation Sq I (and this can be done without resort to the group O(n) 

but using the fact that Sq I is a Bokshtein homomorphism), we can also demonstrate the 

Proposition. In the group H*(B(n); Z) there are no elements of order 4. 

The author is indebted to V. I. Arnol'd for his fruitful attention to the results here set forth. 
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