Trigonometric Substitution

To solve integrals containing the following expressions;

Va2 — x2 Vx2 + 22 X2 — 22,
it is sometimes useful to make the following substitutions:
Expression Substitution Identity
a2 — x2 x=asn0, —F <0< F o O=sin X 1 —sin2 6 = cos? 0
Va2 %2 x=atnd, —F <O<F o O=tan 1% 1+tan? 6 = sec? §

x2 — a2 x:asec9,0§0<%orw§0<3w

3 — -1 x
5 or 6 = sec

sec29 — 1 =tan? 0

Note The calculations here are much easier if you use the substitution in
reverse: x = asin @ as opposed to § = sin™* 2.
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Integrals involving /a2 — x?

We make the substitution x = asinf, —7 <60 < 7, dx = acosfdo,
Y 32 — X2 vV as — 32 sin 6 = al COos 0| = aC059 (since 7% <6< % by choice. )
Example

/Xi dx
VA4 — x?

> Letx—2sin9 dx =2cos0dl, 4 —x2=1+/4—4sin’0 =2cosb.

> [ \/ﬁ =/ e gfofésgd" J 8sin®0df = [8sin®Osinf db =
8 [(1 — cos®0)sin6 do.

» let w =cosfO, dw = —sin0 db,

3
8/(1—cos2 0)sin 6 df = —8/(1—w2) dw = 8/(w2—1) dw = %—SW—&-C

8(cos(sin ! £))3

= (“’759 8cosf + C = =22 —B8cos(sin " %)+ C.
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Integrals involving /a2 — x?

8(cos(sm )}

/m 3

» To get an expression for cos(sin’1

— 8cos(sin " %) +C.

), we use an appropriate triangle

From the triangle, we get
1 x \% 4—x2

cos(sin™" ) = ¥
2
X
4-x2
() e —
3 2 ) 2y3/2
> hence [ X4dx2: 3 -8 2X+C: 5 — 44 —x2+C
—X
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Integrals involving /a2 — x?

Example f

\/9 x2
> LetX:3sm0, dx = 3cosfdf, 9 —x2=1/9—09sin’>H = 3cosh.

— in—1x
f — XZ j‘ 935059d9 :j‘gsizedo: —c;tG +C: cot(S9 3) +C

sinZ 0)3 cos 0
> To get an expression for cot(sin

-1 ), we use an appropriate triangle

From the triangle, we get

cot(sin ™t £) = V 9

= ~—— and hence

X dx _ —\/9—X2

x2\/9 —x2 9x

+C

» Note You can also use this method to derive what you already know

dx =sin* X +C
a

| 7=
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Integrals involving /x? + 32

We make the substitution x = atanf), —5 <0< %, dx= asec® 0do,

Vx2+al= \/a2tan29+az—a|sec0|—asecé(smce_g< 0 < T by choice. )

Example
/7X
/Ta
> Letx =2tanf, —Z <O<Z, dx=2sec’0do,
VX2 F4=+/4tan?0 + 4 = 2v/sec2 0 = 2sech.
X sec2
[ = S = [ sec0d0 = Infsect 4 tan 6] 4 C =
In[sec(tan™" 3) + tan(tan ™ 5)[ + C = In| sec(tan~* £) + 5| + C
—1 x

5), we use an appropriate triangle

> To get an expression for sec(tan

From the triangle, we get

sec(tan™' %) = 7“(22+4 and hence

\/ 4

Jx2+4

In|

| =
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Integrals involving /x? + 32

We make the substitution x = atanf), —5 <0< 7 ,dx= asec? 0do,
Vx2+ a2 =/a%tan?0 + a2 = a|secl| = asecd ince — 3 <0

2 by choice. )

Note You can also use this substitution to get the familiar

1 _1 —1 X
/mdx—gtan ;+C
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Integrals involving v/ x2 + a2, Completing the square.

Sometimes we can convert an integral to a form where trigonometric
substitution can be applied by completing the square.

Example Evaluate
/ dx
VX2 —4x 13’

> X2 —4x+13=x-2(2)x +2° - 22 + 13 = (x — 2)® +0.

, where u = x — 2.

> dx — dx — du
f \/x2—4><+13 f \/(x—2)2+9 f \/(u)2+9
> Now we apply the substitution u=3tanf, —3 <0< 7,

du=3sec®0df, u?+9=+/9tan20+ 9 = 3v/sec?f = 3sec.
~ \/(d)u?w - 353&2299@,6 = [secfdf = In|sech 4 tanf| + C =

In|sec(tan™! 9 + tan(tan™? 3+ C.
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Integrals involving v/ x2 + a2, Completing the square.

tan~' ¥) + tan(tan"' ¥)| + C, where u = x — 2.

[ —
f\/m In | sec(

» To get an expression for sec(tan™* %), we use an appropriate triangle

From the triangle, we get

sec(tan™! =X ”32+9

u? u x—2)2 X—
R A P TP A R - B o

> f dx
V/ x2—4x+13
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Integrals involving /x? — a2

We make the substitution x = asec, 0<0< 3 or m <0< 37“ . ( This
amounts to saying 0 = sec™! %), dx=asechtanfdo,

Vx? — a2 = +/a?sec?20 — a2 = a|tan 0| = atan B (since0 < 0 < T or 7w < 6 < 3T by choice)

Example Evaluate

1
————dx
x2y/x2 — 25

> Let x=5sec 0<0< 7% or m<O< 37” then dx = 5secftan6d0,
V/x2 =25 = /25sec2f — 25 = 5v/tan20 = 5| tan | = 5tan .

1 _ 5sec O tan 6 _ 1
> f szdx — J 25sec2 9(5tan ) df = f 25 sec 0 do

sin(sec ™ X) +C

1 1 .
—g/cosede—gsmﬁ—i—(:— %
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Integrals involving /x? — a2

1 _ 1 . 1 X
m,dx = gsm(sec g) +C

. . 1 x . .
> To get an expression for sin(sec™ " ), we use an appropriate triangle

From the triangle, we get

—1xy _ \/x2—-25

sin(sec™” §) = ¥
X s
5
1 __ 1. V/x2—25 _ V/x2—25
» Hence f ﬁdx == 35 ~ + C = 25x + C
» Note You can also use this substitution to get
1 1 1 X
————dx=~-sec’ =+ C.
/ xv/x2 — a2 a a
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Integrals involving v/ x2 — a2, Completing the square

Example Evaluate ff ﬁdx.
» Completing the square x*> —6x+8 = x> —=2(3)x+9—9+8 = (x —3)?

-1

> dx — dx — du — x —
fi\/mdx fmdx f\/i , where u = x — 3.
> Letu=sechd 0<0<3 or m <0< 3™, du=sectanfdd.
sec 6 tan 6d6 sec9tan 6do
o f \/sec2 -1 f \/sec2 -1 ISGC ede
=In|secd +tanf| 4+ C = In|sec(sec™* u) + tan(sec* v)]
-1 u), we use an appropriate triangle

> To get an expression for tan(sec

From the triangle, we get

tan(sec™! ) vu? —1 Hence

u i f\/xz 6x+8
=hlju+vu?-1/+C
=In|(x—-3)++/(x—=3)2-1]+C.

6 d

1 f4 \/x2j6x+8dx
=1In[3+ 8| —In[l| =In|3+ 3|
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