Integral Test

Integral Test

In this section, we show how to use the integral test to decide whether a series

1 . -
of the form E - (where a > 1) converges or diverges by comparing it to an
n

improper integral.

Integral Test Suppose f(x) is a positive decreasing continuous function on
the interval [1, c0) with

f(n) = an.

Then the series 37, a, is convergent if and only if fl f(x)dx converges, that
IS:

[o'e) oo
If / f(x)dx is convergent, then Z an is convergent.
1

n=1

If / f(x)dx is divergent, then Za,, is divergent.

n=1

> Note The result is still true if the condition that f(x) is decreasing on the
interval [1, 00) is relaxed to “the function f(x) is decreasing on an interval
[M, 00) for some number M > 1."
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Integral Test Example

Integral Test (Why it works: convergence)

We know from a previous lecture that
J7° & dx converges if p > 1 and diverges if p < 1.

> In the picture we compare the FrErEeEeEtoC i
series »_ 2, 712 to the improper 1
integral [ dx.

> The k th partial sum issk:1+2ﬁ:2712<1+f1°°%2dX:1—|—1:2.

> Since the sequence {s«} is increasing (because each a, > 0) and bounded,
we can conclude that the sequence of partial sums converges and hence

the series
oo
1
E o converges.

> NOTE We are not saying that > °; % = f1°° X%dx here.

Annette Pilkington Lecture 25 : Integral Test



Integral Test Example

Integral Test (Why it works: divergence)

We know that floo X%dx converges if p > 1 and diverges if p < 1.

» In the picture, we compare the
series 32 \% to the improper
integral [ %dx.

» This time we draw the rectangles so that we get

Sp > S -+ L + L + / dx
n nlii = = e

> Thus we see that lim, oo 5o > limy oo )’ %dx.
» However, we know that fln %dx grows without bound and hence since

f1°° %dx diverges, we can conclude that Ziil % also diverges.
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p-series

p-series

We know that floo Xipdx converges if p > 1 and diverges if p < 1.

1 .
E — converges for p>1, diverges for p <1.
n

n=1

Example Determine if the following series converge or diverge:

1 =1 =1

> > f diverges since p=1/3 < 1.

oo
n=1

nT5 converges since p = 15 > 1.

> > -1 also converges since a finite number of terms have no effect
= n
whether a series converges or diverges.

v

> 100 % conv/diverges if and only if 3_°7, \5% conv/div. This diverges
since p=1/5< 1.
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Comparison Test

In this section, as we did with improper integrals, we see how to compare a
series (with Positive terms) to a well known series to determine if it converges
or diverges.
» We will of course make use of our knowledge of p-series and geometric
series.

— 1 .
E — converges for p>1, divergesfor p<1.
n

n=1

oo
Zar"_1 converges if |r| <1, divergesif |r|>1.
n=1

» Comparison Test Suppose that Y a, and )_ b, are series with positive
terms.

(i) If > b, is convergent and a, < b, for all n, than > a, is also
convergent.

(i) If > by is divergent and a, > b, for all n, then > a, is divergent.
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Example 1

Example 1 Use the comparison test to determine if the following series
converges or diverges:

o 271/n
>
n=1
» First we check that a, > 0 —> true since 2_";/" >0 for n>1.
> We have 2'/" = /2 > 1 for n > 1. Therefore 27/ = % <1forn>1.
» Therefore 2:,13/'1 < % forn> 1.
> Since > 0, n% is a p-series with p > 1, it converges.
» Comparing the above series with > 72, 713 we can conclude that

oo 27 Un co 2 Un co 1
Y ey =3 also converges and }° F5— <3
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Example 2

Example 2 Use the comparison test to determine if the following series
converges or diverges:

o 21/n
n

n=1
» First we check that a, > 0 —> true since # > 0 for n>1.
> Wehave21/":\'ﬁ>1forn21.
> Therefore 21:" > % for n > 1.
> Since Yo%, L is a p-series with p =1 (a.k.a. the harmonic series), it

diverges.
. 1/n .

> Therefore, by comparison, we can conclude that >~ 72, 2n also diverges.
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Example 3

Example 3 Use the comparison test to determine if the following series

converges or diverges:
>
et n?2+1

» First we check that a, > 0 —> true since >0 for n>1.

_1
n24+1
> We have 2 +1 > n® for n > 1.

» Therefore < % for n > 1.

1
n?+1
> Since > 7%, & is a p-series with p = 2, it converges.

> Therefore, by comparison, we can conclude that 32, also converges

co 1
and Z n2+1 — n=1 n2-

1
n?+41
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Example 4

Example 4 Use the comparison test to determine if the following series
converges or diverges:

>

n=1

. . -2
First we check that a, > 0 —> true since % = - > 0 for n > 1.
We have n22" ,le for n> 1.

Since 3", n% is a p-series with p = 2, it converges.

Therefore, by comparison we can conclude that -7, ﬁ also converges

and Zn 1 n22" — Zn 1 n2
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Example 5

Example 5 Use the comparison test to determine if the following series

converges or diverges:
Inn

n
n=1

» First we check that a, > 0 —> true since '"T" > % > 0 for n > e. Note
that this allows us to use the test since a finite number of terms have no
bearing on convergence or divergence.

> Wehave'"T”>%forn>3.
Inn

> Since $.°°. 1 diverges, we can conclude that $°°°. " 3lso diverges.
n=1 n n=1 n
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Example 6

Example 6 Use the comparison test to determine if the following series

converges or diverges:

» Wehave nl =n(n—1)(n—2)----2-1>2.2.2..... 2.1=2""1
Therefore % < 2"%1

> Since > 7%, =7 converges, we can conclude that Y >, & also converges.
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Limit Comparison Test

Limit Comparison Test Suppose that > a, and >_ b, are series with
positive terms. If

where c is a finite number and ¢ > 0, then either both series converge or both
diverge. (Note ¢ # 0 or co. )

Example Test the following series for convergence using the Limit
Comparison test:

>
n?—1
n=2
(Note that our previous comparison test is difficult to apply in this and most of
the examples below.)
» First we check that a, > 0 —> true since a, = ﬁ > 0 for n > 2. (after
we study absolute convergence, we see how to get around this restriction.)
> We will compare this series to Y o, n—lz which converges, since it is a
p-series with p = 2. b, = .

1/(n’—1)

2
. an _ |t T n N 1 —
> limy— oo ,b: =limp—oo e = limp— oo = = limy— oo eyt 1

» Since ¢ =1 > 0, we can conclude that both series converge.
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Example

Limit Comparison Test Suppose that > a, and >_ b, are series with

positive terms. If lim,_ Z—: = ¢ where c is a finite number and ¢ > 0, then

either both series converge or both diverge. (Note ¢ # 0 or co. )

Example Test the following series for convergence using the Limit

Comparison test:

i "’ +2n+1

— n*+n2+2n+1

» First we check that a, > 0 —> true since a, = % > 0 for n > 1.

> For a rational function, the rule of thumb is to compare the series to the
series Y :—5 where p is the degree of the numerator and q is the degree of
the denominator.

oo n?

> We will compare this series to >3 °, 77 = 3
it is a p-series with p =2. b, = "—12

° L which i
n—1 ;2 Which converges, since

2 4,53, 2

H an __ 13 n“+2n+1 2\ _1; n 42n°+n _

> limp—oo .‘7: = llmnaoo(4,14+n2+2n+1)/(1/n ) = limp—oo i t2nel
142/n+1/n? -1

iMy— oo 725 i7m
> Since ¢ =1 > 0, we can conclude that both series converge.
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Example

Example Test the following series for convergence using the Limit
Comparison test:

i 2n+1

Vv +1
» First we check that a, > 0 —> true since a, = \;’:;71 >0 for n>1.

> We will compare this series to 7, Is = Yol = Y ﬁ which
1

diverges, since it is a p-series with p=1/2. | by = — |.

vn
> “mnaoo %: _ “mn%oo 2n+1 )/ 1/\[) _ |Imn*>w +2\n;%\f
@n3/24/m) [ n¥/? _@H/m) s 41/ _

SRSV NEY T2 "o )/ T Ve

» Since ¢ = 2 > 0, we can conclude that both series diverge.

Annette Pilkington Lecture 25 : Integral Test



Example

Example Test the following series for convergence using the Limit

Comparison test:
oo
> o
2" —1
n=1

> First we check that a, > 0 —> true since a, = 5,75 >0 for n > 1.

1

> We will compare this series to Yo which converges, since it is a

n=1 2n
. . . 1
geometric series with r =1/2 < 1. | b, = > |
> limnce 22 = limoo(3557) /(1/27) = limnoo =70 = €.

» Since ¢ = e > 0, we can conclude that both series converge.
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Example

Example Test the following series for convergence using the Limit
Comparison test:

o 21/n
>
n=1
. . 1/n
» First we check that a, > 0 —> true since a, = Qn—z >0 forn>1.
> We will compare this series to y -, n—lz which converges, since it is a
. . 1
p-series with p=2> 1. | by = —
n
. . l/n In2
> limn—oo 2 = limp—oo( (2 /(l/n = liMpsoe 2" = limp oo e = 1.

> Since ¢ =1 > 0, we can conclude that both series converge.
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Example

Example Test the following series for convergence using the Limit

Comparison test:
> (1 + > 37"
n

n=1

3
First we check that a, > 0 —> true since a, = <1 + i) 37" >0 for

>
n>1.
» We will compare this series to Z:‘;l 3% which converges, since it is a
. . . 1
geometric series with r =1/3 < 1. | b, = 3|

v

3 3
limn—ce 22 = iMoo (1 + i) 3—")/(1/3") = liMp— oo (1 + ;) =1

» Since ¢ =1 > 0, we can conclude that both series converge.
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Example

Example Test the following series for convergence using the Limit

Comparison test:
o0
. ™
E sin ( —
n
n=1

> First we check that a, > 0 —> true since a, = sin (%) >0 forn>1.
> We will compare this series to 322, = = 7> > L which diverges, since
™

it is a constant times a p-series with p=1. | b, = — |
n

> lim,_ oo 22 = = limp—oof sm( ))/

» Since ¢ =1 > 0, we can conclude that both series dlverge.

=1
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