Power Series representations of Functions

From our knowledge of Geometric Series, we know that

oo
g(x):%:l+x+x2+x3+... :Zx" for |x| < 1.
n=0

» Recall that we had

a+ar+ar2+ar3—|—---=2ar"_1: a if —1l<r<1
n=1

1—r

and this series diverges for |r| > 1.
Above we have a=1and x =r.
This gives us a power series representation for the function g(x) on the
interval (—1,1).
Note that the function g(x) here has a larger domain than the power series.
» The n th partial sum of the above power series is given by
Pix)=14+x+x>+x>4+ -4+ x".
> Hence, as n — oo, the graphs of the polynomials,
Py(x) =1+ x4+ x> 4+ x> 4 --- 4 x" get closer to the graph of f(x) on the
interval (—1,1).
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Questions of the day

Q1. Given a function, can | find a power series representation of that function.
» Example: Can | find a power series representation for the function
1
f(x) = 57 or h(x) = In(1 + x).
Part of the same question: If so for which values of x is the power series
representation valid?

> Suppose I know that

21 28 7 7
1+ﬁ—l—x + Xt x_—i—x —~--—|—.(—1)."x”~~ _Zn o(—1)"x"", for
some values of x, for which values of x is this power series representation
valid?

Q2 Why on earth would | want to write a nice function like that as a P.S.?
> The formula
1+x7 =1—x" XM = X +(=1)"x "= Z:io(_l)nxh
allows me to actuaIIy calculate the sums of a new set of series e.g. | know
that > 70 (—1)"5% = le% .

» Also | can approximate the function H% when [x| < 1 by the polynomial
1 x7 4 x1

» More importantly | can approximate an antiderivative of this function
1 H x8 X
J 1557 dx by a polynomial x — ¢ + %=



Deriving new representations from old ones

Substitution First, we examine how to use the power series representation of
the function g(x) = 1/(1 — x) on the interval (—1,1) to derive a power series
representation of other functions on an interval.
Example Find a power series representation of the function given below and
. . . 1
find the interval of convergence of the series. f(x) = 7.
1 2 3
> Wehave ;- =1+y+y +y +---=37,y" for —1<y<1

1 _ 1
> Now T = o)

» Substituting —x’ for y in the above equation, we get ﬁ =

T+ () + (X P+ (—xP+ =30 (X)) for —1<(—x")<1
> or
ﬁ :17X7+X2(7)7X3(7)+"':Z(*l)nxh for —1<x<1
n=0

since we have —1 < —x" < 1if1>x">—-lor—-1< x’ < 1or

—1<x<1.
> This is the interval of convergence of the power series Y7 (—1)"x"",
since this series is easily seen to diverge at x =1 and x = —1..
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Example (Substitution)

Example Find a power series representation of the function given below and
find the interval of convergence of the series.

2x
f(x) = .
) =1«
» As in the previous example, we have that ﬁ = ﬁ =
T+ (=) + (=) + (—x)P 4+ =32 (—x)" for —1<(—x)<1
> So s =1-x+x—x>+ =30 (-1)"x" for —1<x<1
> Since f(x) = 12+—XX = 2xﬁ, we have

> f(x):2x[1—x+x2—x3—|—~~~] = [2x1—2xx+2xx2—2xx3+---].
P =2x—2x2+2x3 —2x -

» Alternatively in shorthand:

F(x) = 12+XX =3 (1) = 32— 1) = 3 (- 1)
n=0 n=0 n=0
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Example (Substitution)

Example Find a power series representation of the function given below and

find the interval of convergence of the series h(x) = =

>

1
4—x

We would like to use our knowledge of the well known geometric series

1

=l ey e =y for 1<y <1

0= =214
Withy:%,Wegetl%(%):1+(i)+(%)2+(
St (3)" for —1< (%) <1

)3+.,.+(i)"+...:

BIx

Therefore , s X
171(§) =l4+3+t ottt rt = for —4<x<4
It is clear that this series diverges at the endpoints, so the interval of

convergence of the series is (—4,4).

Wehaveh(x):%[ L ]:

3

1 x x> x3 x* IZOO x"
1[1+1+4722+4733++47"T] 4 n=0 41
1 X X x X o X"
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Differentiation and Integration of Power Series

We can differentiate and integrate power series term by term, just as we do
with polynomials.

Theorem If the series > cn(x — a)" has radius of convergence R > 0, then the
function f defined by

(oo}

f(X):C0+C1(X—a)+cQ(x—a)2_|_...:ch(x_a)n
n=0

is differentiable (and therefore continuous) on the interval (a — R,a+ R) and

f'(x) = a1 4 2a(x —a) + 3c3(x —a)> 4 --- = Z nca(x —a)" t.
n=1
Also
_ (x—a’ (x—2a° 5. x-a™
/ f(x)dx = C+cy(x—a)+a 5 +o 3 4o = C+§ I

The radii of convergence of both of these power series is also R. (The interval
of convergence may not remain the same when a series is differentiated or
integrated; in particular convergence or divergence may change at the end
points).
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Example; Differentiation

Example Find a power series representation of the function ﬁ

» Above we found that
H—Xflfqux =4 =32 (-1)"x" for —1<x<1
» Therefore we have
4 [i] =4 [lfx+x2fx3+- . i =4 [Z;’io(fl)"x”] for —-1<x<1

dx | 1+x

> Differentiating we get
(1+x) =0—1+2x =37+ (=1)"mx" T = 30 £ (1) =
S (=1) X"t =372 (—1)"nx""! when -1 < x < 1.

» Since the series has the same radius of convergence when differentiated,
we know that this new series converges on the interval —1 < x < 1.

> (Note we can set the limits of the new sum from n = 0 to infinity if we

like, since that just gives an extra 0 at the beginning or we can drop the
n=0 term; this is merely a cosmetic change.)

> Now we multiply both sides by -1 to get
T =04+ 1243 4+ (1) 4 =

S (1) X" for —1<x<1
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Example; Integration

Example Find a power series representation of the function In(1 + x).

>

Above, we showed that
H—X—l—x—i—x =34 =3 (1) for —1<x<1

We have f1ixdx:f[l—x+x2—x3+---+(—1)”x"+--.]dX:
I3 (-1)"'x"dx  for —1<x<1
integrating the left hand side and integrating the right hand side term by
term, we get
n+1

In(1+x):C+xfﬁ+£*é+ (1) =

n+1

Yoo J(1)'x"dx = 372 (—1)" n+1+Cfor —l<x<1.

To find the appropriate constant term, we let x = 0 in this equation. We
get

In(1+0)=C+0-0+0—-0+---=C
Therefore C—Oand s X
In(1+x)—x 2+?—%+~~~+(—1
o= 1)",1+1 for —1<x<1

n x"t1
n+1
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Example; Approximation

Example Find an approximation of In(1.1) with error less than 1075,

» In the previous example, we saw that
2 3 4
nl+x)=x-5+5 %+ +(-1)"7zg+ =

n+1
(=)™ for —1<x<1

» Using x = 0.1, we get
In(1.1) = 0.1 — % 4 0901 _ 0:0001 ...y (_1)n (U
» Recall that if we have an alternating series which converges by the
Alternating series test (the above series does), then if we estimate the
sum of the series by adding the first M terms, the error
n 1
[In(1.1) = M (—1)m @) —
n (0. n+1 0 n+1
}E:‘;o(_l) : nll1 E ( 1) n1+1 | < |aM+1|
» Therefore, if we use the estllmate
+
In(11) & 33 o(—1)"CH = 0.1 — 01 4 0001 _ o
0.1 — 0.005 + 0.000333 — 0.000025 = 0.0953083, .
we must have an error less than or equal to |apy1| = |%| <107°.

> If we use a computer to check, we see that
[In(1.1) — 0.0953083| = 1.8798 x 107 6.
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Approximation of definite Integrals

Example Use power series to approximate the following integral with an error

—10, 0.1 1
less than 107°: Jo e dx.

» By substituting —x” for x in the power series representation of 1/(1 — x),
wegotfor71<x<1

1+x7 —1—x’ + x4 2t =+ X8 _ ... + (_1)nx7n - Z:Zo(_]-)nx7"-
» Now taking the integral of both sides, we get
fOO.l 1+1X7 dx = fOO.l[l _ X7 +X14 _ X21 + X28 4 (—1)")(7" . ]dX —
B A5 22 Tl 0.1
|:X—§—|—E— e+ (-1) T ...]0
_ ( 1) 3 (.1)8 ( 1)15 (.1)22 - ( ) ( 1)7n+1
' 8 15 22 Tn+1

» This is an alternating series which sums to the definite integral
00'1 7 dx. | can estimate the sum of the series by taking a partial sum
S, =ao+ a1+ a2+ -+ a, and the error of approximation is less than or
equal to \an+1\

> Slnce ’ | < ()P < (. ) we must have that
’ 1+X7 ‘ ~ (1) - (1) .1000000125 and the error of approximation

is less than 1071,
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Example; Integration

Example Find a power series representation of the function

an"'(x)= [ 1+%dx and use your answer calculate >->° (—1)" L

\/§(2n+1)(2n+1) :
» Using the power series representation of % on the interval (—1,1), we

get a power series representation of 1+ —

T = (1) =1-x*+x* —x° 4. on the interval (—1,1).

» Now we can integrate term by term to get a power series representation of
tan™!(x) on the interval (—1,1),

2n+1 X5 X7

C+Z 2n+1 C—|—x—?—|———7—--- for x € (-1,1).

» Since tan"*(0) = 0, we have C = 0 and

2n+1 3 5 7

Z(— il x—%—&—%—%—- -+ on the interval (—1,1).

> < 1 and with x = we get

1 b
f f!
™ 1 > , 1

T etan (o) =S (1)
6 VE V38 (2n + 1)
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