Math 60380, Assignment 4 Solutions Due: Wednesday, February 11, 2026

(1) Let w € (X) be a holomorphic 1-form on a compact Riemann surface X, and let

A:{lw\yewl<X)}cc

be the group of periods of w.
(a) Show that A cannot be isomorphic to Z. [Hint: supposing this were the case,
construct a nonconstant holomorphic function on X.]
(b) Show that if A is a lattice in C, then there exists a nonconstant holomorphic
map f from X to a Riemann surface of genus 1.

Solution: For (a), suppose that A = (\) were isomorphic to Z. Define the function

f:X = Cby
for-om (5 [2).

where z, € X is arbitrary and the integral is taken along an arbitrary path. Since
every period of w is a multiple of A by hypothesis, f is a globally well-defined
nonconstant holomorphic function. But X is compact, and so such functions do not
exist.

For (b), the function

oa) = [ (mod )

zo

gives a globally well-defined holomorphic map g : X — C/A.

(2) (Fermat curves) Let X, be the compact Riemann surface defined as the solution to
2?4 y? = 2% in CP?. Such X, is called the degree-d Fermat curve.

(a) Let X3 C C? be the portion of X lying in the affine plane C?> C CP* defined
by z = 1. Write down an equation f(z,y) = 0 defining X°. Use this to find
the branch locus B C X°, with multiplicities, for the projection of X° onto the
z-coordinate.

(b) Repeat the above process, this time exchanging the roles of the z and z coordi-
nate.

(c) Are any of the branch points you find in (a) distinct from the branch points you
find in (b)? Combine your analysis to completely describe the branch locus of
the meromorphic function 7 : X; — CP' givenby 7([z : y : 2]) = [z : 2].

(d) Use the previous steps and Riemann-Hurwitz to show that X, has genus (%,").

Solution: For (a), we obtain the equation for X° simply by setting z = 1, giving
z? + y? = 1. We see that the projection (z,y) — z has degree d. Thus the branch
locus consists of points where there are fewer than d points (z,y) on X° with given
z-coordinate. This is clearly the set of points where y = 0, i.e. where 2% = 1. Since
we drop from d points to 1 over such points, the multiplicity is d at each point.
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For (b), we find that the equation is now 1 + y? = z%. The branch locus for the
projection onto the z-coordinate again consists of points where y = 0, again given
as the solution to z? = 1, and again with multiplicity d.

For (c), these are actually all the same points. Since we set z = 1 in (a) and
found the affine coordinates to be (¢*,0) for ¢ a primitive d"* root of unity and
0 < k < d — 1, the projective coordinates are [¢* : 0 : 1]. In (b), we set x = 1 and
found affine coordinates (y, z) = (0, ¢*), corresponding to the projective coordinates
[1:0:¢*. As[1:0:¢* =[¢%:0: 1], we see that these points are in fact the same.
Thus there is a grand total of d branch points, each of multiplicity d.

For (d), we found the degree of the projection to be d, and that there are d branch
points, each of multiplicity d. Applying Riemann-Hurwitz, we see

2 2g(Xa)=d-2—d-(d—1).
Solving, we find g(X,) = (d — 1)(d — 2)/2 = (4}").

(3) Let X = X, be the Fermat curve of degree 4; by the previous problem X, has genus
3. In this problem you will construct a basis for 2(X). As in the previous problem,
let X° be the portion of X lying in the affine plane determined by z = 1, with
equation z* + y* = 1.

(@) Let7: X° — C, (z,y) — x be the projection onto the z-coordinate. Show that
7*(dx) is holomorphic on X° and has a zero of order 3 at each of the branch
points of . [Hint: recall the result we proved in the first week that a branch
cover is locally equivalent to z — 2]

(b) Show that w; = 7*(dxz)/y* is holomorphic and has no zeroes on X°.

(c) Let @ : X — X be the symmetry given by [z : y : 2] — [iz : y : z]. Show
that «v acts transitively on the points X \ X°, and that w, is an eigenvector for
a*  Q(X°) = Q(X°).

(d) Use the previous step to argue that w; admits a holomorphic extension to X,
with a simple zero at each point of X \ X°.

(e) Show that wy = zw; and w3 = yw; in Q(X°) likewise extend to holomorphic
forms on X.

(f) Show that {w;, w2, w3} forms a basis for Q(X). [Hint: the functions 1, z,y are
linearly independent on X].

Solution: For (a), certainly dz itself is holomorphic on C, and the pullback of
a holomorphic form along a holomorphic map remains holomorphic. From the
previous problem, the multiplicity of each branch point is d = 4, and so by the result
from class, near each branch point, there is a coordinate z on X° in which  is given
by x = z*. Pulling back dz in these coordinates, we find 7*(dz) = d(z*) = 423dz has
a zero of order 3.

For (b), the function 1/y® has a triple pole along the locus y = 0. By the analysis
of the previous problem, the branch points of ™ occur precisely where y = 0. Thus
the triple pole of 1/y* cancels out the triple zero of 7*(dz), yielding a form that is
holomorphic and nonvanishing on X°.
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(c) is a direct computation: the points X \ X are the points on X for which z = 0,
which are easily seen to be the four points [1 : ¢ : 0], where ( is an 8" root of unity
that is not a 4" root of unity. These are permuted transitively by o. Under «, dz
pulls back to d(ix) = idz and y remains y, so that o*(w;) = iw;.

For (d), we know that w; is holomorphic and nonvanishing on X°. Since the total
degree of any meromorphic form is 2g — 2 = 4, we know that there must be a total
of four zeroes hiding at the points X \ X°. By itself this is not enough to guarantee
that these arise as a simple zero at each point - a priori there could be a pole at some
point and a double zero elsewhere. But from (c) we know that the points of X \ X°
are transitively permuted by «, and that w, is an eigenvector, so that the order of
vanishing at each point of X \ X° must be equal, hence a simple zero.

(e) is an elaboration of the same ideas. = has a simple pole at infinity. Multiplying
this to make wy, = 2w, therefore cancels out the zeroes at X \ X°, replacing them
with four simple zeroes where x = 0; this is still holomorphic. Likewise y has a
simple pole at infinity, so that ws = yw; similarly remains holomorphic.

(f) By our analysis of the period map in class, we know that dim(Q(X)) < 3,
so it suffices to show that {w;,w,, w3} is linearly independent. If there are scalars
a,b,c € Csuch that aw; + bwy 4 cws = 0, then working in any local coordinate, this
implies a relation a + bz + cy holding across all points (z,y) € X°. This is clearly
nonsense.

(4) Let 0 - A — B — C — 0 be an exact sequence of sheaves on a topological space
X, say induced by maps of sheaves o : A — Band 8 : B — C. Consider the
commutative diagram below.

0 —— A(X) — B(X) — C(X)

N

0—IIA, — 118, —IIC,.

(a) Verify that the bottom row of the diagram is exact and that the vertical maps
are injective. [This is not hard.]

(b) Building off of these facts and what you know about sheaves, prove that the
top row is exact.

Solution: For (a), exactness along the bottom row follows from the definition of
exactness of a sequence of sheaves: this holds precisely when it holds at each stalk,
as encoded in the bottom row. The sheaf axioms imply that if f € A(X) has zero
restriction to each stalk, then f = 0, showing injectivity of the vertical maps.

We turn to (b). To establish exactness at A(X), we observe that since going down
and over is injective by (a), so too must going over and then down; in particular
A(X) — B(X) must be injective as desired. To establish exactness at B(.X'), we must
show that the kernel of 5 : B(X) — C(X) coincides with the image of a : A(X) in
B(X). To that end, suppose that g € B(X) satisfies §(g) = 0. It follows that the im-
age of g in [ [ C, going across and down is zero, and hence so too is the image going
down and across. By exactness of the bottom row, there is a unique (f,) € [ A,



mapping to (g,) € [[ B,. We would like to assemble ( f,,) into an element f € A(X).
By definition, each f, € A, is induced from some fy;, € A(U,) for some open set
U, containing p. We claim that the local sections { fy, € A(U,)} assemble into a
global section f € A(X), i.e. that the restrictions of fy, and fy, to A(U,,) agree,
defining U,, = U, N U, for convenience. By the exactness at A already established,
as applied to U,,, we know that there is a unique fy,, € A(U,,) whose image in
B(Uy,) is gu,,. But the restriction of both f;, and fy, to Uy, have this property, so
they must coincide, as required.

(5) Let ¢ : A — B be a morphism of sheaves.

(a) Formulate definitions of the presheaves Ker ¢, Im ¢, and Coker ¢.

(b) Prove that Ker ¢ is in fact a sheaf.

(c) By considering the morphism exp : O — 0%, show that neither Im ¢ nor

Coker ¢ is in general a sheaf.
Solution: (a) Let e stand for one of Ker, Im, Coker. Define the presheaf ¢¢ by the
assignment
*o(U) = o(¢u : A(U) = B(U)).

We turn to (b), and claim that Ker ¢ is a sheaf. Suppose that f € Ker ¢p(U) < A(U)
restricts to the zero section on some open cover {U;} of U. By the sheaf axioms
for A, it follows that f is zero as an element of A(U), and hence as an element of
Ker ¢(U). If { fi € Ker ¢(U;)} are coherent on overlaps, the same is true for f; when
viewed as local sections of A(U;). Since A is a sheaf, these assemble to give an
element f € A(U). We claim that moreover f € Ker ¢(U). Examine ¢(f) € B(U).
Restricting to the open cover U;, each ¢(f) |y,= 0 by hypothesis. Since B is a sheaf,
these local sections glue together, showing that ¢(f) = 0 as was to be shown.

(c) The image presheaf is not always a sheaf. For example, consider the expo-
nential map exp : O — O* of sheaves on C*. The section z € O*(C*) admits a local
logarithm, and so there is an open cover of C* on which the restriction of z is in the
image of exp locally, but these fail to assemble into a global logarithm. The same
example shows that the cokernel presheaf is not always a sheaf. The exponential
map is locally surjective and hence surjective at the level of stalks, implying that if
Coker(exp) is a sheaf, it must be the zero sheaf. But as discussed before, z € O*(C*)
does not have a global logarithm, so that Coker(exp : O(C*) — O*(C*)) is a non-
trivial group. This shows the failure of the existence of gluing of local sections for
the cokernel presheaf.




