
Lemma (Uniqueness of branched covers)
X , Y becptRS

., Fix-E , g : y -I hol .

Suppose O branch Sets B(7) = B(y) =BEC
coritvals) are equal

② covering spaces Xo+ -B
,

4 ->E-B
are iso , as covering spaces

(XY "cours the identity) (
Then XEY are iso . 2 R . S.



: octahedron.

·ieT RS Structure

-----
Uniformization ----: Let X be a cpt RS . of gews Or

Then X=E as RS.

Claim : 7 Uniform map 7 : 0- i S
.
t . verties

go to 0, 00, 4th its of mity-



Claim : 7 Uniform map 7 : 0- i S
.
t . verties

go to 0, 00, 4th its of mity-

# 7 aut 2 : 0-0:
Fix D : azo
= a must be uthrt. of 1 .

⑳o
Normalize to send remaining 4 to My



X := doble branch cour of 6 at vertices.

-Verts)12
Y : = y= X (X*-1) (x,Y)(-> (X,-Y)

R .H .: X : <29x = 2(2) - 6 . (2 -1) = -2
8x=2 .

# - E : branched at 0, My , @since
dey is 5)



Observe: Unter ident . O - K
,
double cour X->D

is branded at o,My , So. As is Y
· B(x) = B(Y) [T

.

· Also X,Y as couring spes :

each is topol classified by(S"-Sots)> [12
each gen 1- 1

z
= octagon - opp faces , dentified.

Claim : E is a R
. S.

I I
- X = V - E +F = -

1 - 4+ 1



Claim : EE VE Y

PF : Again realize [ as E -> E branched our

Myath·it--- &I -> -

2
o

· --
-XM



BelisTheoreeld
: a finite extension of G : K/Q

Kis fin,dimt as vs/Q.
(solutionsdo polys w. Q-creffs . )
eg Q(w)

DeffX a at RS is defined our K #field)

if X is obtained as the closureof solutions

to polys v. coelfs in K.

Theorem (Belyi) X cot Rs is defined / field ifand only if
7 7 : x - & w

. branch set B(F)[50, 1, 803.



If Sps X defined / K-

↓ is given a closure of V(FCX1))[
,

with F@K[X ,Y]·
Define : X-> & via (44) + X
C+ pts : where Fy =0.
solutions to F = # =o lie in some extcIt
Therefore BCT) [LEE -> E
-

Strategy : Construct g : /t & Sit.

XE it has B(go) 250, 1 ,83



Step 1 : Reduce thede of points in BCI)
zEK : Leg(z) = min Sdeg (f(T) : FeQ[T],3

f(z)
dey(z) = 1 EX zeQ

Choose ZEB (it) of maxil deg :
z sat. some poly . PERCT] of day d.

Qu : what is B(P) ? Critpts lie atitsof p.

P has degd-1 < maxdeg . => B(P) E field
ofdegd .

B(POT) =

BIP)UPLI
Step 1 V



Sep2: B(i)[Q .

Consider P(z) = C.Z(z-)" (a,beIN)

crit its:0, 1 , w = a+b3 ·

CEQ

Choosing(carefully : P(w) = 1.> BCP) +50,1,23.

Thre X-B(i) [Q. If nec , apply Some Mobius
transformation so that XeCO,1 · Them,

B(POTT) = B(p)Up(B(it))
9 1,003 his one fewer point outside 50, 1, 03·

=



Coursely : Suppose F:x -> & br
. our 0, 100.

Nativilfact : 7 g : x-> it set
.

(F
,g) :Xi> i is an imursion, XCC, deyd.
St . Xo = V(P) for PEK[X]c

Want toFind aSuitable PEK(X, 4]ca)(
St . X = V(P)

.

Robs : For my PEC[Xca) ,
and any zeK,

the condition that VPP) branches our z is
a polynomi on the VectorSpc((X,45cd)



eg : ax + bxy +cy2, ze

↓ (X, 4)
I

CX
X x= z !

SolustoACEPA
equ of a, b,c,X

Ex
:

equ only in all,

UpShot : egus on $[X](a) sayingthat XoGranches
over O, 1, (0) is a poly with rational ceffs.
=> J solutions over E = ) i re. K

.

Clim any solution
is E to Xo via chiqueness.


